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Editorial

David Kollosche, University of Klagenfurt, [=] david.kollosche@aau.at

This editorial of the Proceedings of the Eleventh International Mathematics Education and
Society Conference explains the circumstances and organisation of the conference, presents the
contents of this book and the review process that lies behind its production, and acknowledges
the contributors who invested their resources to make this conference and this book a reality.

The conference: Exploring new ways to connect

These are the Proceedings of the Eleventh International Mathematics Education and Society
(MES) Conference, to be held in September 2021. Although this is already the eleventh MES
conference, this is the first one that is held entirely online, as so many conferences are at
times of the COVID-19 pandemic. It is a huge challenge to organise a conference, which is
traditionally held in a physical form, purely virtually — even more so in the case of an MES
conference, which does not only feature presentations, which can easily be streamed, but
includes intense discussions in various formats that cannot be easily copied to the digital
realm. In this sense, the conference organisers and participants face the task of ‘exploring
new ways to connect’.

The conference organisers sticked as closely as possible to the traditional Principles and
Guidelines of the MES community (https://www.mescommunity.info). This includes

— ensuring regional, ethical, and gender diversity concerning the choice of the four
plenary speakers, of their two respondents each, and of the four plenary discussants,

— providing space for intense small-group and plenary feedback discussions on each
plenary presentation,

— allowing for thematic specialisation through symposia, and

— facilitating lively discussions of individual research papers, project presentations, and posters.

A special challenge was the organisation of the times slots in which conference activities
would be scheduled. Our experience from other online conferences, where the usual conference
day was organised in eight consecutive hours, was that this solution suits people in a few
time zones very well but makes participation for people in other time zones nearly im-
possible. We decided to distribute three three-hour time slots around each day, so that only
one time slot would be at night at any time zone on Earth. Although this approach largly
fragments the conference days and makes it very complicated to enjoy all programme points
of the conference, we hope that it will stimulate participation from a large varierty of places.

The difficulty of scheduling meetings across time zones motivated us to introduce the
rule that live meetings should be used for exchange, while the reception of information
should be possible on an individual schedule. Thus, we do not only follow the traditional

Please cite as: Kollosche, D. (2021). Editorial. In D. Kollosche (Ed.), Exploring new ways to connect:
Proceedings of the Eleventh International Mathematics Education and Society Conference (Vol. 1, pp. 1-3).
Tredition. https://doi.org/10.5281/zenod0.5469608
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MES policy to publish the proceedings before the conference, so that the papers will be only
for reading in advance. We also invited contributors to create short videos of their paper
presentations and to host them for the conference participants, so that participants can come
to the live sessions well prepared and use them mostely for feedback and discussion. We
asked our participants to include the tag ‘MES11’ in the videos they host on video hosting
platforms such as YouTube, and as long as authors followed this request and left their videos
online, the reader might be able to still find some presentations searching for this tag.

Although switching to an online conference brought the obvious challenges, it also broad
new possibilities, which we are eager to explore. Apart from technological innovations such
as discussions on Padlet and informal meetings on SpatialChat, the online character of the
conference allowed for a more inclusive participation from around the world. While physical
conferences cause expenses for travelling, accommodation, eating out, and hosting, which
not every scholar from any cultural and economic background can easily shoulder, our online
conference only asked for a conference fee in three different income-dependent tariffs.
Consequently, we could witness a wide variety of places from where contributions were
submitted, and from where participants registered. At the time of the publication of these
proceedings (7 September 2021), we had 46 registrations from the United States, 31 from Brazil,
21 from Sweden, 17 from India, 14 from Canada, 13 from the United Kingdom, 11 from Norway,
9 from Austria, 7 from Germany, 7 from New Zealand, 5 from Greece, 4 from Israel, 3 from Colombia,
3 from Japan, 2 from Nepal, 2 from Spain, 1 from Armenia, 1 from Australia, 1 from Chile,
1 from Egypt, 1 from Ghana, 1 from Indonesia, 1 from Rwanda, 1 from Saudi Arabia, 1 from
South Africa, and 1 from Turkey.

The contents of this book

In this book, you find the manuscripts of nearly all contributors to the conference. Thereby,
MES aims at facilitating a ‘wider discussion of the social, ethical, and political dimensions of
mathematics education for disseminating theoretical frameworks, discussing methodological
issues, sharing and discussing research, planning for action and the development of a strong
research network on mathematics education and society’ (‘Mathematics education and society’, n.d.).
In the first part, titled ‘Plenaries and Responses’, you find the papers which accompany
three of the four plenary presentations. We were not able to include the paper of plenary
speaker Maisie L. Gholson, nor the papers of the respondents Ana Carolina Faustino and Luz
Valoyes-Chavez, but we hope to be able to provide them later on the MES website. In all cases,
both plenary speakers and respondents were chosen and invited by the MES11 organising
team, and we are very happy and grateful that they agreed to invest their qualities in MES.
In the second part of this book, titled ‘Symposia’, you find the texts of the symposium
proposals. These papers merely outline the contents of the symposia and were used to judge
the quality of each proposal for its acceptance for the conference. The third part of this book,
titled ‘Project Presentations’, contains the short papers in which envisaged or currently
running research projects are being presented. The fourth part of this book, titled ‘Poster
Descriptions’, comprises the descriptions of the posters that were submitted to the con-
ference. The last and largest fifth part, titled ‘Research Papers’, includes the full-length manu-
scripts of the research papers submitted for presentation and discussion at the conference.
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Symposia proposals, project presentations, poster descriptions, and research papers were
each reviewed by two peers, who were already acquainted with the goals and policies of
MES, and finally evaluated by a member of the International Committee of MES. Although
the reviewing process of MES aims at productive feedback that allows manuscripts to reach
the quality necessary for publication, it still checks the academic quality of each submission
and its fit to the interests and aim of the MES community. In a few cases, where contributors
challenged the boundaries of what would usually be accepted as academic work, we strived
to tolerate and accept these contributions, also in the interest of further developing the forms
of academic inquiry and exchange through experimental formats.

Nevertheless, in the reviewing process, some submissions had to be withdrawn or rejected
because of a lack of fitting to the interests and aims of the MES community or because of a
lack of academic quality. Other submissions were withdrawn by their authors for personal
reasons or rejected because revisions were not sent even after a widely extended deadline.
Eventually, this book contains 133 of 139 submitted research papers, 29 of 35 submitted project
presentations, 7 of 8 submitted symposium proposals, and 4 of 5 submitted poser descriptions.
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Plenaries and Responses






Innovative learning environments and the digital
era: Finding space for mathematics identity

Lisa Darragh, The University of Auckland, [=] Ldarragh@auckland.ac.nz

The dichotomy of traditional versus reform mathematics classrooms has been of much research
interest, including how students and teachers perform agentic identities in these contexts.
Nowadays, however, mathematics learning in Aotearoa New Zealand plays out on a stage that
may be a wvast departure from either of these classrooms. So called “innovative learning
environments” are characterised by fluid seating arrangements, multiple teachers, many digital
devices; and they may be predominantly ‘online’. In fact, we might argue that mathematics
instruction today is ‘device-centred’ more than being teacher- or student-centred, a trend
exacerbated by distance-learning during the pandemic. How then do teachers and students
develop mathematics identities in this new era? A performative definition for identity allows us
to see identity more easily as existing outside the individual; not only produced in and by social
contexts, but also in wider societal narratives. In this paper I will discuss how ‘innovative’
learning environments are situated in neoliberal ideology and “twenty-first century” discourses,
and I consider the production of teacher and learner identity scripts in these spaces.

Setting the scene

Let me start by painting a picture of a primary classroom in Aotearoa New Zealand. First
you must delete your image of four walls, a desk for each child, and a forward-facing
orientation. The floor plan of this classroom is hexagonal — an irregular polygon that would
fit three or more traditional classroom squares. There are sectioned off spaces or smaller
rooms with walls of glass. The furniture is varied and optional; children may sit on the floor,
on cushions, on beanbags, at low tables, at higher tables, or they may stand or even lie down.
Their belongings are in ‘tote trays’ so that they are mobile. The devices are mobile as well -
children may bring their own laptops, Chromebooks, or tablets/I-pads; and the classroom
also has its own collection of these for the children to use. There are multiple teachers but
they may not be easy to spot, not being situated front and centre. I suspect for some it will
be difficult to reconcile this scene with a more traditional image of the mathematics
classroom that would otherwise automatically spring to mind. I invite you to click on the
link below and watch the short video titled “Understanding pedagogy” (from: Te Kete
Ipurangi (TKI): Ministry of Education, 2021).

https://www.inclusive.tki.org.nz/guides/planning-innovative-learning-environments-iles/
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The scene above does not describe every classroom in Aotearoa New Zealand, there is
certainly a great deal of variety in classroom types, however it (and the embedded video)
represent the direction taken in designing educational contexts over the past decade. Let us
call these examples the “new” classroom, in order to differentiate and acknowledge that there
are certainly other, more traditional classrooms to be found elsewhere throughout the
country.

Of course, I have described a pre-pandemic classroom. Even after the return from
lockdowns and emergency remote teaching it was certainly inappropriate to have such a
high level of interaction between children and free movement through the space. On the
other hand, the use of digital technologies that were already prevalent has increased. In
Aotearoa New Zealand we are fortunate to have returned (at the time of writing) to ‘normal’
classroom interaction, but there remains the question of what is normal, or what might be
the new normal? As Borba and colleagues suggest, the pandemic may entirely change the
agenda for mathematics education (Borba, 2021; Engelbrecht et al., 2020). However, we have
already seen how crises may be harnessed as a rationale for wide-scale educational change
(Mutch, 2017; Williamson, Eynon & Potter, 2020), and I suspect it is safe to assume that these
technology-rich, innovative learning spaces, such as seen in the link above, will become
increasingly common, at least in Aotearoa New Zealand.

One might ask what mathematics teaching and learning look like in the ‘new’ classroom
space. Whilst it seems clear that the ‘new’ classroom is a vast departure from the traditional
classrooms of last century, my question is not whether the innovation constitutes an
improvement to mathematics teaching and learning, rather, I am interested in how these
environments (including online environments) produce identities as teachers and learners of
mathematics. This is an important question given the value of identity research in
understanding teacher change (e.g., Chronaki & Matos, 2013; Lutovac & Kaasila, 2017) and
students’ relationships with and participation in mathematics (e.g., Mendick, Moreau, &
Epstein, 2009; Radovic, Black, Salas, & Williams, 2017).

In this paper I first outline a definition of identity as performative, following Judith
Butler’s work on gender identity. I extend her theatrical metaphor to propose a method by
which we may more easily understand identity as beyond the individual, and produced by
the wider socio-cultural and political context. Next, I will briefly give an account of the
historical, educational context of Aotearoa New Zealand — the ‘theatre’. Then I will discuss
the ‘stage’ for learning mathematics (and producing identity), in this case innovative learning
environments (ILEs) that include online programs for mathematics instruction, as I term the
‘new’ classroom. The discussion is based on my current research into the phenomenon of
learning mathematics via online instructional programs and my personal observations of ILE
classroom spaces. Additionally, in lieu of data, I invite you to consider the video linked above,
and also the website for Mathletics (3P Learning, 2021, https://www.mathletics.com/nz), both
of which I will refer to throughout.
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Performative identity and extending the theatre metaphor

A few years ago, Darinka Radovic and I were invited to write a definition for mathematics
learner identity for the Encyclopedia of Mathematics Education (Lerman, 2020). We were
tasked to give a definition that reflected (rather than advanced) the work on identity in
mathematics education currently. We finally settled on the following:
A socially produced way of being, as enacted and recognized in relation to learning
mathematics. It involves stories, discourses and actions, decisions, and affiliations that people
use to construct who they are in relation to mathematics, but also in interaction with multiple
other simultaneously lived identities. This incorporates how they are treated and seen by
others, how the local practice is defined and what social discourses are drawn upon regarding
mathematics and the self. (Darragh & Radovic, 2018, para. 1)

Although the above definition focuses on mathematics learner identity, a mathematics
teacher identity may be thought of in a similar way. We aimed to write a definition that
encompassed the various ways that mathematics learner identity is defined and
operationalised in the discipline. Each aspect: (e.g., socially produced, enacted, recognized,
multiple) is evident in the wider literature, but each of these aspects may be understood
slightly differently depending on the perspective taken. There are certainly many ways to
understand identity, and sometimes definitions are vague or absent altogether in literature
published in the field. Elsewhere we have both argued that authors must be explicit in the
way they define and operationalise identity for the purpose of their research (Darragh, 2016;
Radovic, Black, Williams, & Salas, 2018), and so I will attempt to be explicit here. I take a
performative view of mathematics identity, drawn from Butler (1988), that explains the social
production of identity acts and highlights the role of recognition as part of identity. Others
in mathematics education have seen value in Butler’s work for identity (e.g., Chronaki, 2011;
de Freitas, 2008; Gholson & Martin, 2019; Mendick, 2017); I find it useful myself because it
allows an operationalisation of identity that incorporates more than interview narratives,
and focuses the gaze beyond the individual to look at identity enactment and the production
of identity within various layers of context. This enables a more thorough understanding of
the relationships people form with mathematics learning and teaching and of the decisions
they make regarding future participation in higher education or engagement with
professional learning.

Judith Butler defines genderidentity as performative, that is, a “stylised repetition of acts”
(Butler, 1988, p. 519). Butler argues “a body becomes its gender through a series of acts which
are renewed, revised, and consolidated through time”; thus identity is not predetermined but
rather “the legacy of sedimented acts” (p. 523). I find it very useful to consider mathematics
learner or teacher identity in the same way, that is, a series of acts which are renewed,
revised, and consolidated over time. Butler wrote this particular definition in the ‘Theatre
Journal’, which may explain the theatrical emphasis on the idea of an ‘act’; however, it is
worth noting the theatre metaphor has generated some confusion as it tends to imply a
separation between the actor and the act, as opposed to a poststructuralist understanding of
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subjectivity where the act produces the actor (Jagger, 2008), which is key to performativity.
Yet, I see much potential in exploiting the theatre metaphor in order to make explicit the
wider social and political context in which identities are performed and performatively
produced. We may consider the socio-political context to be the theatre and the immediate
social context (e.g. the classroom) as the stage. We might ask ourselves what the typical
scripts or normative ways of being are, and whether improvisations are possible. Finally, the
audience takes up the important role of recognising (and validating) identity performances.
I contend that understanding how identity is performatively produced requires a consider-
ation of the wider temporal, ideological, and physical contexts.

I would like to unpack and operationalise this theatrical metaphor as I consider how the
‘new’ classroom context produces mathematics identity. I invite you to contemplate this
metaphor alongside me as you view the linked video, the website from one popular online
mathematics instructional program, Mathletics (3P Learning, 2021); or you may like to reflect
on your own context. First of all, I situate us within the wider socio-political context of
Aotearoa New Zealand’s neoliberal educational system.

The ‘theatre’: Socio-political-historical context of education in Aotearoa
New Zealand

In Aotearoa New Zealand, like many other countries around the world, neoliberal policies
have dominated the political scene over the past three decades thus impacting the education
system considerably (Ladd & Fiske, 2003; McMaster, 2013). Neoliberalism is an economic and
political ideology that proposes individual, entrepreneurial freedom and is characterised by
free markets (Harvey, 2005). Some of the ways we see neoliberalism at work in education is
the devolution of control from central government to individual schools; ‘free choice’ for
parents in where they send their children to school; voucher systems where the money
follows the student; and outsourcing of educational provision to private providers (Thrupp,
O’Neill, Powell, & Butler, 2020). Although an early adopter of neoliberal education, Aotearoa
New Zealand has resisted some of the policies that have become entrenched in other nation’s
educational systems (McMaster, 2013). However, some neoliberal features that remain are:
devolution of governance and curriculum to local schools (Lange, 1988; Ministry of
Education, 2007; O’Neill, 2011), and private providers being allowed to make profit in public
schools via educational provision of particular subject areas, including mathematics (Thrupp
et al., 2020).

The beginning of neoliberalism within education for Aotearoa New Zealand was the
policy document “Tomorrow’s Schools” (Lange, 1988). Tomorrow’s Schools devolved much
responsibility for education to individual schools, managed by ‘Boards of Trustees’, which
were made up of parents in the community. One intention of the policy was to give greater
voice to parents and the community (McMaster, 2013). This allowed a great deal of autonomy
to individual schools and, together with the 1991 abolition of school enrolment zones,
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encouraged school choice and competition for students (Ladd & Fiske, 2003; McMaster, 2013).
Curriculum reform swiftly followed, with new curricula in 1992, and again in 2007. The 2007
curriculum is remarkable for the small size of the document. All eight content areas and all
13 years of schooling are contained in a document of only 65 pages, of which mathematics
has no more than 10 pages (Ministry of Education, 2007). In other words, the national
curriculum contains only a list of achievement objectives without guidelines of how to teach
them. The impetus was given to schools to create their own localised curriculum based on
this document. On one hand this meant schools were able to cater educational experiences
to the local community’s wants and needs (see also McMurchy-Pilkington, Trinick, &
Meaney, 2013). On the other hand, some schools struggled to develop a curriculum that was
sufficient for the needs of their students. In either case, the variety of different practices in
schools has increased under this policy.

Another prominent feature of the 2007 curriculum is the focus on producing “twenty-
first century learners” (Benade, 2015; Ministry of Education, 2007). This is a global move-
ment, driven in part by the Organisation for Economic Cooperation and Development
(OECD), which has questioned “‘outmoded’ transmission models of teaching” and called for
reform of educational systems (Benade, 2019, p. 58; see also OECD, 2013). In Aotearoa New
Zealand this “transformation is increasingly evident in new technology-rich flexible learning
environments, characterised by large open spaces, permeable boundaries and diverse fur-
nishings emphasising student comfort, health and flexibility” (Benade, 2019, p. 58). Benade
also notes that the design reflects the “neoliberal concern with ensuring that education is
relevant to the realities of the twenty-first century workplace” (Benade, 2017, pp. 804-805),
as shall be elaborated further later.

A more recent event that had a significant impact on schooling in Aotearoa New Zealand
was the 2010 earthquake in Christchurch. The disaster was used as a justification for
widespread permanent closure of some schools, to the devastation and surprise of their local
communities (Mutch, 2017). With the post-earthquake re-building of schools, many were
designed using “Innovative Learning Environment” (ILE) guidelines — with classroom spaces
as described in the opening paragraphs. Subsequently, all school builds, expansions, and
renovations in the entire country have been required to follow the ILE design in order to
receive funding (Bradbeer et al., 2017). The ILE space certainly looks innovative and modern,
but it has been criticised for not being based on research evidence (Bradbeer et al., 2017),
motivated either by lower cost or neoliberal ideology, and evidence of the way a crisis can
be harnessed by politics for educational change (Mutch, 2017). Over the past decade this has
meant many schools have realigned their classrooms to the ILE model, although others
remain traditionally ‘single cell’.

Within this neoliberal and ‘technology rich’ context, mathematics education has
increasingly drawn on digital technologies as a regular part of instruction. A recent OECD
survey found that children in Aotearoa had the fastest growing rate of computer use in
mathematics classes in the OECD with 89% of students using this technology as part of their
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mathematics learning (Vincent-Lancrin, Urgel, Kar, & Jacotin, 2019). With such high
availability of the technology, it is hardly surprising that the majority of schools have turned
to commercial programs to provide instructional material using these computers and mobile
devices. As many as 80% of primary schools in Aotearoa New Zealand subscribe to at least
one online mathematics instructional program (OMIP), such as Mathletics, Study Ladder,
Mathsbuddy, and Sumdog (Darragh & Franke, 2021). These online learning platforms are run
by private corporations; they are typically of international origin but adapted to the national
curriculum. Schools or parents may purchase an annual subscription and there is sufficient
content on the platforms to provide mathematics learning for the full year. Although the
COVID-19 pandemic exposed inequities of access to internet and digital devices at home
(Riwai-Couch et al., 2020), children in Aotearoa New Zealand now have considerable access
to devices and the internet at school (Vincent-Lancrin et al., 2019).

Aotearoa New Zealand was fortunate to avoid the health crisis experienced by many
other nations during COVID-19, however the educational impact has been widely felt as we
had repeated (albeit brief) lockdowns to halt community transmission and children were in
and out of school depending on the health alert levels. Given that some parents were
desperate to provide extra learning activities for their children during lockdown (RNZ, 2020,
28 July) those companies that provide online instructional programs may have had the
opportunity to cement themselves further into the educational landscape; indeed, the
marketing of such programs worldwide has ramped up considerably since the pandemic
began (Williamson et al., 2020).

To summarise, the context of ILEs and online learning platforms for mathematics
instruction can only be understood within the neoliberal policy agenda of education in
Aotearoa New Zealand. This agenda includes: the necessity for schools to create their own
local curriculum and decide whether to use private providers for part of the mathematics
instruction, and the governmental requirement to create ILE spaces with new builds. In the
next section I zoom in so that we may examine more closely this particular stage for the
learning and teaching of mathematics. As we do this, I invite you to consider your own
particular ‘person of interest’. This may be the newly qualified mathematics teacher, the
teacher who works in poverty-stricken areas, the ‘out-of-field” teacher, or the white, middle-
class teacher in diverse contexts. Or the person of interest may be the neuro-diverse child,
the high achiever, the hearing impaired, the Black girl, the recently arrived immigrant, or the
child who engages with schooling to revitalise their indigenous language.! As I present the
‘new’ classroom stage for mathematics teaching and learning in Aotearoa New Zealand, I
invite you to ponder this question: Can you picture your person in this space?

1 My apologies here - this list is clearly non-exhaustive and I am aware that I may have missed your
particular ‘person of interest’ thus marginalising them further (literally) in this footnote.
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The ‘stage’: Innovative learning environments and online mathematics
learning

Whilst the ‘theatre’ attends to the broader socio-political context, the ‘stage’ may describe
the context at the local level, i.e., the mathematics classroom. There are a number of studies
on identity at this level of the ‘zoom lens’ (Lerman, 2001), but most are based in single-cell
classrooms, whether they incorporate ‘traditional’ or ‘reform’ instruction (see for example
Esmonde, 2009; Heyd-Metzuyanim & Shabtay, 2019; Ma & Singer-Gabella, 2011; Valoyes-
Chavez, 2019). In this section I will first describe the ‘new’ stage for learning mathematics -
the ILE space and online instructional programs. I follow with an explanation of how
students may negotiate the space when learning mathematics and then discuss a couple of
features of this ‘new’ stage that set it apart from classrooms of the past.

In a typical ILE environment, children learn in classroom spaces that are designed to fit
40-160 students together with 2-6 teachers (Everatt, Fletcher, & Fickel, 2019). Whilst the
teachers are supposed to work collaboratively to teach the entire group, children are required
to navigate the space independently. Benade gives an evocative description based on research
within Aotearoa New Zealand schools:

The placement of tables and chairs, often boardroom style, is a place where a ‘workshop’ can
take place, facilitated by a teacher, or, more appropriately, a ‘learning advisor’ or ‘coach’. A
private space off to the side for a small group to work together is a ‘breakout space’. Along with
this neoliberal language of the business conference is the imagery of the future hunter-
gatherers of the twenty-first century knowledge economy gathering at the ‘campfire’ (a circular
formation of Ottomans). Redolent of captivating tales or fellowship, this is a space of gathering
together before expedition, or debriefing after. Thirsting for knowledge, some young cubs work
intently at a ‘watering hole’, a circular arrangement of seats and tables, where they plan their
next project. For those who are required to work on complex tasks (such as numeracy) there
are the high tables and chairs that provide a ‘lookout’, allowing these students to gaze intently
into the long distance, as they solve challenging problems. (Benade, 2017, p. 802)

Where might we see the teacher in this space? There is little room for the traditional
‘chalk and talk’. The teacher becomes a facilitator - assigning learning activities and
managing the learning environment. And at times we may see the teacher engaging with a
small group of children (at the “campfire”) and teaching them some mathematics content.

The hunter-gatherer imagery employs a different metaphor to the idea of the stage within
a theatre, yet it is scenery that is taken up by a number who write about ILE classrooms. The
metaphor comes from Thornburg (e.g., 2004), who also describes the ‘cave’ as being a space
for internal reflection, in addition to the more populated learning spaces of waterhole and
campfire. In the above scene, the place given to mathematics appears isolated — children at
high tables (rather than the low, collaborative spaces) deep in thought as they solve
challenging problems. However, mathematics learning may be seen in the other spaces too.
Children might be able to engage in small group, collaborative problem solving (at the
watering hole) — but we also see many children seated either individually or in pairs and
with some kind of digital device (laptop, chromebook, or tablet, for example). What
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mathematics learning do these devices provide? In Aotearoa New Zealand it is likely the
children will be engaged with commercial platforms that provide individualised learning
online (Darragh & Franke, 2021).

Thornburg suggests that each of the neolithic scenes (the campfire, the watering hole and
the cave) may be replicated in the online environment. Indeed, one thing missing from
Benade’s description above (though he refers to it elsewhere, e.g., Benade, 2015) is the
presence of modern technologies in these spaces. As previously discussed, a key aspect of
twenty first-century learning and ILE spaces are their “technology-rich” nature. Children
and teachers in Aotearoa New Zealand have ready access to computers and hand-held
devices and the internet at school (Vincent-Lancrin et al., 2019), and this makes the use of
OMIPs during mathematics somewhat unsurprising. The most popular platform is Mathletics
(3P Learning, 2021), originally designed in Australia, and subscribed by approximately 40%
of the schools in Aotearoa New Zealand that use OMIPs (Darragh & Franke, 2021); there are
dozens of other OMIPs to choose from.

The OMIP platforms draw on behaviourist techniques to motivate children to do maths
(Jablonka, 2017); for example, completing a number of exercises is rewarded with a game, or
the mathematics work is ‘disguised’ in a gaming format. Jablonka (2017) discussed this
gamification in the context of OMIP “Sumdog” at a previous Mathematics Education in
Society conference. Many of the platforms offer ‘payment’ for doing the mathematics in the
form of ‘tokens’, ‘coins’, or ‘points’ that may be spent on designing avatars (or purchasing
related paraphernalia) during the reward phase. This is the case for Mathletics (3P Learning,
2021): Figure 1 below shows the points, gold bars, and certificates achieved by the depicted
(cartoon) ‘learner’. Figure 2 depicts information directed to the teacher — learner analytics,
with an example of the type of statistical information given about the learner’s performance
and progress.

In general, research within mathematics education is remarkably silent on the use of
OMIPs. The plethora of studies into technology use in mathematics tend to focus on issues
of teaching and learning (Young, 2017), and they tend to take an uncritical view of the
technology itself; greater attention is given to the benefits to learning or the challenges of
having teachers adopt the technology. By contrast, outside of mathematics education and
particularly in the field of Media Studies we find much critique of the EdTech (educational
technology) industry. The aspects of EdTech of concern centre on the personalisation of
learning (Roberts-Mahoney, Means, & Garrison, 2016), and ‘big data’ collected via ‘learner
analytics’ (Knox, Williamson, & Bayne, 2020). Personalising learning may be argued a valid
goal for education but, as pointed out by McRae (2013), the ‘hyper-individualisation’ of the
programmes is reductionist (mathematics becomes basic facts, for example) rather than
providing personalised learning based on student interest or cultural background. In other
words, learning is individualistic and individualised (Biesta, 2012), that is, centered on the
individual learner, rather than being centred on students as a group. Such an approach does
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not consider the backgrounds and interests of the children as a community of learners in the
classroom and thus the teachers’ situated knowledge of them is de-valued in this model.
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Figure 1: Rewards earned by the Mathletics student (3P Learning, 2021) see:
https://www.mathletics.com/nz/features/
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Figure 2: Learner analytics for one student
(3P Learning, 2021) see: https://www.mathletics.com/nz/features/

Teaching and learning mathematics on the ‘new’ classroom stage

It may be challenging to see clearly the teaching and learning of mathematics in ILE or OMIP
spaces, and so it is perhaps useful to explore how a mathematics ‘lesson’ may proceed. In
most Aotearoa New Zealand classrooms, a group rotation is used in mathematics whereby
one group works with the teacher and the other groups are assigned other activities. In many
schools the groups are ability based (Anthony & Hunter, 2017), despite research critiquing
this practice. In some schools, however, groupings are instead fluid, and membership
changes according to the needs of the child. In either case, because the class is not taught all
together as a whole, communication as to what each student should be doing becomes
complex. The illustration below (taken from the embedded video) depicts an “Action
Stations” board (see Figure 3). The various activities on offer are represented by pictures and
underneath each activity are the names of a group or individual children. The students find
their allocated activity, locate the resources they need, and find a space in which to do their
task, and often there is the option of ‘free choice activities’ included.

Figure 3: “Action-stations” board: Children find their name and allocated activity (Ministry of
Education, 2021) see: https://www.tki.org.nz/

Typically, some students are directed to a digital device, and likely an activity on an OMIP
such as Mathletics. When engaging with mathematics on the OMIP, students might have
some choice as to which activity to complete, or they may have been assigned an activity -
either by the teacher or by the OMIP’s learning analytics.
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(Co-)performing agentic mathematics teacher or learner identities in the
‘new’ mathematics classroom

Returning to the question of your particular person of interest, how do you imagine they co-
perform mathematics teacher/learner alongside their other identities on this ‘new’ classroom
stage? Might they be agentic in these performances, or would the context constrain how they
may be a mathematics teacher or learner? To answer these questions, it may help to first look
more closely at the way in which the ‘new’ classroom stage may constrain (or enable)
particular identity performances, and secondly, consider what the identity scripts are that
normalise performances on such a stage.

There are a couple of features of the ‘new’ classroom stage that set it apart from
classrooms of the past. These may be seen in both the ILE space and the OMIP platforms;
free choice, and the use of surveillance. These two features work to produce the mathematics
teacher and learner in particular ways, as discussed below.

Free choice

One notable aspect of the ‘new’ classroom stage is the bodily freedom allowed to students
as they perform the learner role. The children in the video certainly seemed in control of
their own movement through the classroom space, bodies were not constrained in chairs
facing in one direction. The space for being a mathematics learner is considerably expanded,;
in fact, it even extends beyond the classroom walls, as children may take a device elsewhere
or log on to their learning portal at home. Agency for the learner is emphasised in both the
ILE environment and the OMIP platforms with this notion of free choice. The school
principal speaking in the video linked above mentioned students’ freedom of choice and
student agency. The online instructional programs also claim to allow student agency in
selecting their own pathways through the available lessons (see Mathletics example in Figure
4 below). Within OMIPs, the students’ freedom of choice is further evident in their choice of
which game to play or what they might ‘buy’ for their avatar (using the credit points awarded
for their mathematics work — see Figure 5).
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Figure 4: Choice of learning activities (3P Learning, 2021), see: https://www.mathletics.com/nz/
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Figure 5: Choosing an avatar (3P Learning, 2021), see: https://www.mathletics.com/nz/

Such choice should be understood within neoliberal ideology, where free choice is a key
feature of a market model of education. In Figure 5 we see how OMIPs further promote
‘marketisation’ by producing the mathematics learner as being a consumer in capitalist
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society, what Jablonka (2017) calls a ‘token economy’, as students are invited to purchase
items for their avatar based on their points ‘earned’ by doing the mathematics work.

Of course, we might question the level to which choices are in fact ‘free’. Whilst children
may be able to choose for themselves what to do and how/where to do it, their choices may
affect the way in which they are recognised as a learner. Recall Walkerdine’s (1990, 1998)
research into mathematics of girls and boys in working-class schools: girls taking on the
overt messages about good behaviour and following the rules were seen as hard-working
(but not very bright), whereas the boys following the covert messages of exploration were
attributed with having ‘real understanding’ and ‘potential’ despite lack of achievement
(Walkerdine, 1990). I wonder what might be the overt and covert messages in these ‘free
choice’ ILE spaces, and which children might be recognised as normal or pathological due to
the messages they follow. Relatedly, Benade (2019) considered whether the ILE space is an
inclusive design and identified the challenges faced by those with auditory, sensory and
socio-cognitive issues; including the noise, the self-regulation required, anxiety, and getting
‘lost’ in the space. How might such children be recognised as mathematics learners in these
cases? Where does your ‘person of interest’ fit here?

The notion of agency when using the OMIPs may certainly be problematised also. The
complex learning analytics generate an assessment of students’ next steps for their mathe-
matics learning, and provide activity options based on this assessment (Knox et al., 2020).
What appears to be freedom is in fact a tightly constrained choice based on the program’s
analysis of required next steps. As cautioned by Lupton & Williamson (2017):

[...] learning analytics platforms appear to displace the embodied expert judgement of the
teacher to the disembodied pattern detection of data analytics algorithms [...] A significant risk
that children’s opportunities might be narrowed by the assumptions encoded in algorithmic
processes is raised by such techniques (p. 787).

In other words, the assessment capability of the OMIPs means that decision-making may
be taken out of the teachers” hands and this power placed with the OMIP instead. This fact
constitutes a key area of criticism from the field of Media Studies, as mentioned earlier. There-
fore, not only is the child constrained in their choice, but the teacher is de-professionalised
(Roberts-Mahoney et al., 2016) through their reduced ability to select their own learning
pathways for their students. The mythical free choice in the ‘new’ classroom that appeared
to be on the agenda for students is even less evident for teachers. Here we see a further shift
in who (or what) is centred on the stage of the mathematics classroom.

In short, the fiction of free choice, promoted by neoliberal ideology, appears to produce
agentic performances of mathematics learner or teacher, but this agency is limited and it is
controlled - as shall be seen further in the section to follow.

Surveilled performance

Another key feature of the ‘new’ stage of mathematics classrooms is surveillance. Researchers
in the field have often used Foucault’s (1977/1991) Discipline and Punish, applying the
“panoptican” to the classroom setting (e.g., Hardy, 2004; Jablonka, 2017; Walshaw, 2010).
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Typically, it is the student who is surveilled, but in the modern ILE, full of glass in place of
walls, the teacher faces an increased surveillance, their teaching displayed to an extent not
possible in the single cell classroom. In the linked video we could spy the teacher in a
breakout room behind glass - her mathematics teaching easily visible. The principal in the
video used the term “transparency” to describe the teaching practices, conveying a sense of
openness both in terms of the physical and the pedagogical. Benade’s (2017) study of
teachers’ work in ILE spaces juxtaposes the collaboration and transparency in teacher
practice with the “stress of making collaboration work, the feelings of vulnerability, and a
sense of always being on show” (p. 803).

The students face a very different kind of surveillance. On the one hand their physical
selves may avoid surveillance — they might disappear into a dark corner or beneath a tent —
but their learner selves are continually tracked through data collected. Lupton and
Williamson (2017) call this “dataveillance”, that is, digital surveillance. In the ILE space,
students’ learning and behaviour are firstly tracked via platforms such as Seesaw, ClassDojo,
or Google classroom; both teachers and parents can view children’s ‘learning progress’ on
these platforms. The OMIPs go further with the sophisticated ‘learning analytics’ as seen
earlier in Figure 2, (see also Jablonka, 2017). It is worth noting that this kind of data
surveillance forms a violation of an unwritten rule of assessment: that students should know
when an activity is being assessed. Pepin and colleagues call this “stealth assessment” (Pepin,
Choppin, Ruthven, & Sinclair, 2017), when everything the child does is assessed, but they do
not necessarily know it. This may be problematic as it denies them the opportunity to
knowingly deliver their best effort for the assessed tasks.

What is also important to note here is that a huge amount of data may be collected from
children engaging with the OMIP. For example, every keystroke, the length of every pause,
the ratio of productive vs unproductive screen time, all may be recorded and used to build
up a picture not only of the learner, but also to form a massive database of many thousands
of learners.

Performing such analysis depends not just on surveillance of the individual but also on massive
dataveillance of millions of data subjects to generate the kinds of big databases from which
accurate predictions are made by comparing individuals against norms derived algorithmically
from the masses. (Lupton & Williamson, 2017, p. 787)

Ultimately this ‘big data’ (McRae, 2013; Roberts-Mahoney et al., 2016) is used to make the
program more addictive, marketable, and profitable. This has been called “colonial design”
technology, whereby the providers of the learning platform learn about the learners rather
than the learners learning about themselves (Macgilchrist, 2018).

The emphasis on free choice from both the ILE and OMIP spaces also contributes to a
form of surveillance. The students are required to be self-managing as they exercise their
choices in selecting the activity likely to optimise their learning. For example, students often
must manage their own learning to ensure they have completed a list of weekly tasks, and
have made progress towards their own individual goals. This kind of self-management is a
form of surveillance, whereby the child surveils themselves (see also Jablonka 2017).
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“Learning personalization ensures, in this sense, the learner’s individualized and
responsibilized investment in their anticipated future self” (Macgilchrist, 2018, p. 242). Being
a mathematics learner is about being future-focused via self-management.

Being a mathematics teacher and a mathematics learner therefore includes the
performance of self-governance (Foucault, 1991) that results from surveillance. Being a
mathematics learner additionally means being datafied, and continually subject to
measurement against a norm. To summarise, the stage of the ‘new’ mathematics classroom
in Aotearoa New Zealand produces particular identity acts that involve performances of
agency, being surveilled, and self-governance. Such acts may be further understood by
considering what the identity scripts are that describe normative ways of being the
mathematics teacher or learner.

Dominant scripts for identity on the ‘new’ stage

The various identity performances as enabled and normalised on the stage and theatre
constitute the performance scripts. These are expected or idealised ways of enacting identity
that may be taken up by the individual, or ignored/altered via ‘improvisation’. However, I
wish to point out that neither the ‘taking up’ of a script nor rejecting it, is an easy (or even
available) decision. Scripts, as normative models for identity performance, are powerful and
impactful because they privilege a particular way of being. Scripts draw from societal
narratives — in this case neoliberal ideology, twenty-first century narratives and the EdTech
discourse of educational corporations — which all speak to how one should be a learner or a
teacher of mathematics. Scripts, whilst produced in wider narratives, are made available in
the local context — the classroom stage. On any stage there may be a variety of scripts
available for individuals to take up (or there may be very few). Popkewitz’s problem solving
child is an example of a script; he shows how for some the desirable script is not available
and these learners are “those left behind” (Popkewitz, 2004). In other words, the concept of
‘scripts’ answers the question of how one should be - in this case a mathematics teacher or
learner in the ‘new’ mathematics classroom. In this section I present two dominant scripts
produced in neoliberal and EdTech narratives, which are made available on the ‘new’
classroom stage. We might name these scripts: ‘twenty-first century mathematics teacher’ and
‘twenty-first century mathematics learner’.

The twenty-first century mathematics teacher

Performing the twenty-first century mathematics teacher means being a coach/guide, being
a collaborator, and having an audience (being surveilled). Whilst these performance aspects
may be applied to teachers of any subject, they each have implications specifically for the
mathematics teacher identity.

The production of the teacher as a coach or guide is evident in OECD texts about the ILE
space, where the term “learning professional” (OECD, 2013) may equally be used. Here the
teacher is made invisible, in a manner also evident in reform mathematics discourse
(Valoyes-Chavez, 2019). Within EdTech discourse they even lose the name ‘teacher’, reduced
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instead to ‘coach’, ‘facilitator’, or ‘data-analyst’ (Ideland, 2021). A student-centred emphasis
means that the teacher is sidelined; their job is to guide students to their learning, but they
are no longer required to teach. Similarly, when using the OMIPs, teachers need only direct
students to the computer and then let the program do the teaching - including actual mathe-
matical instruction (some OMIPs have instructional videos for this purpose), assessment, and
assigning of tasks. In the case of primary school teachers — who are typically generalists
(rather than having a speciality in mathematics teaching) and often described as having a
problematic relationship with mathematics (e.g., Boylan & Povey, 2009; Hardy, 2009; Hodgen
& Askew, 2011) — the OMIP space encourages them to sidle away from the responsibility for
mathematics instruction.

The distancing of teachers from mathematics may be further exacerbated by the notion
of teacher as collaborator (Benade, 2017). Collaborations enable teachers to divide out
responsibility for various subject areas. In this situation just one of the teachers in the ILE
space may take on the mathematics teaching, whilst the others may be responsible for other
subject areas instead. Here the reduction of the teacher role goes further; for some, their
mathematics teaching services are no longer required at all.

Yet a third aspect of the twenty-first century teacher is somewhat in contrast to the
previous two. Whilst the mathematics teaching may be side-lined, the teachers themselves
are not at all invisible. As discussed earlier, teachers are visible in a way not typically
experienced in a single-cell classroom: their mathematics teaching performance may be
observed and judged at any time. Given the literature about primary teacher anxiety
regarding mathematics (Hodgen & Askew, 2011; Intawati & Abdurrahman, 2019; Jenf3en et
al., 2020) this visibility may indeed be intimidating as teachers are forced to put their
mathematics teaching on display when they may prefer to avoid it altogether. In this physical
aspect the contrast between the ILE and the OMIP spaces becomes apparent. In one the
mathematics teacher is on show, in the other they are completely hidden. However,
pedagogically the two spaces generate a similar effect.

The twenty-first century mathematics learner

Performance scripts for the twenty-first century mathematics learner are abundant. This

type of learner is produced globally in OECD texts (e.g., OECD, 2013) and produced locally

in Ministry of Education documents, for example:
New Zealand needs an education system that provides its people with the skills and knowledge
they require to be successful in life and in an increasingly global economy. An effective
education system provides qualifications that open doors to future opportunities and the skills
needed in today’s society and the modern workplace. Equipping learners for a digitally enabled
future is a key goal of our Four Year Plan. Demand for future-focused learning is increasing -
the Ministry’s ICT strategy and our twenty-first century practice in teaching and learning
priority ensure we have the right focus to meet this need. (Ministry of Education, 2016, p. 10)

The discursive emphasis is very clear in this excerpt that prioritises “success” in a “global
economy” and ties together “future-focused learning” with digital skills. The twenty-first
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century learner is also produced in EdTech discourse, and marketed via the OMIP websites
(Darragh, 2020). As Macgilchrist explains, to be successful in the twenty-first century, accor-
ding to the mainstream argument, requires the “skills of creativity, collaboration, critique,
and communication [...] This type of success is thoroughly entangled with the neoliberal,
self-optimizing, ‘entrepreneurial self’”” (Macgilchrist, 2018, p. 242). Accordingly, I argue that
performing the twenty-first century mathematics learner means to be entrepreneurial, self-
managing, and individual.

Both the ILE space and OMIP platforms position the mathematics learner as a self-
managing entrepreneur. If the 20th century classroom was designed to produce factory
workers then the ILE space clearly prepares for a very different workplace, one that likely
matches up with our mental images of the Google offices - themselves having become
something of a trope. The entrepreneur is also produced in the OMIP platforms as children
are encouraged to engage in the capitalist behaviour of buying products for their avatars.
The twenty-first century mathematics learner is self-managing: they must meet their own
learning goals and manage not only their own behaviour but also take responsibility for their
own learning. It was notable that the Action Station task board in the video contained
pictures to direct children to learning tasks, meaning that even children who cannot yet read
are responsible for their own learning. The OMIPs encourage the children in this self-
management, offering rewards for those who engage in large quantities of activities.

Finally, the twenty-first century mathematics learner is an individual, as made explicit in
the hyper-personalised learning emphasised on both ILE and OMIP spaces. The ethos of
twenty first-century education is very much student-centered (OECD, 2013), and we could
certainly see this in the video linked earlier. The field of mathematics education has long
been a proponent of ‘reform’ mathematics, with a de-emphasis on teacher-centred,
traditional practices. However, there are some differences between the student-centred,
problem-solving reform mathematics class (see also Lundin, 2012; Popkewitz & Lindblad,
2004) and the student-centred, individualised learning promoted by neoliberal ideology. The
OMIPs and ILEs are firmly situated within the neoliberal version of ‘personalised learning’
(Darragh, 2020). Learning within this ideology entails receiving a separate and individualised
learning plan — a task much more achievable by the artificial intelligence of learning
analytics (and making the teacher ever more irrelevant). Further, there is a competitive aspect
to this script; competition in games becomes competition for jobs in the future workplace.

To summarise, the twenty-first century teacher and learner are scripts produced by the
neoliberal theatre, on the ‘new’ student- or device-centred classroom stage, and in the
narratives of EdTech and educational policy documents. However, I wish to reiterate that
performing mathematics teacher or learner is not about the exact following of a script. The
script forms a notion of the ideal mathematics teacher or learner, against which an identity
performance might be measured, recognised, or found lacking. Whilst any individual’s
performance of mathematics teacher or learner identity is formed at least in part by the
available scripts, following the script is not always equally available for all people, and
divergences from the script may be differently recognised depending on the person also. In
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this co-performance of identity emerges issues of intersectionality (Bullock, 2017; Leyva,
2016, 2017) and where we may see the impact of the power of recognition (or ‘recognition
power’). Therefore, scripts are problematic in a number of ways: firstly, because they are not
equally available to all, secondly, because improvisation from the script may be seen as
pathological, and finally, scripts narrow the possibilities for ways of being.

Improvising the mathematics teacher or learner?

The scripts for mathematics teacher and learner seem inevitable given the neoliberal theatre
of education, and the ‘new’ classroom stage that emulates the twenty-first century work-
place. However, considering identity as performative, we might ask what divergence from
these scripts are even possible. Butler’s notion of the repetition of acts allows a certain
agency here. Each time we perform mathematics teacher or mathematics learner we may
renew the performance differently — we may improvise. It is precisely in the repetition of
identity that an individual may revise the act, and any act may follow scripts closely or
deviate. While performances are always constrained by the context, there is a whisper of
agency here; the possibility of revision raises the question of what the alternative ways of
being a mathematics teacher or learner are. Already we see alternatives to the mathematics
teacher script; it may be sidestepped via collaboration with other teachers, or the use of
online programs enable teachers to avoid the role completely. What of the mathematics
learner? Is there a way to be a mathematics learner that denies the self-managing, inde-
pendent entrepreneur? What sort of mathematics learner would this improvisation produce?
And, finally, how might the improvisation be recognised?

To conclude, performative identity as a stylised repetition of acts means that we need to
take seriously the physical, temporal, and ideological space in which these acts are made. A
mathematics teacher or learner identity is made, renewed, and revised in every individual
performance of ‘teacher’ or ‘learner’. In this paper, I have shown how ILE classroom design
and online mathematics platforms dictate certain behaviours for mathematics teaching and
learning and make available scripts for the normal (twenty-first century) mathematics
teacher/learner. A few questions remain, and I ask the reader to once again consider their
person of interest. For whom are these scripts more available? How might improvisation
away from the script be recognised? Finally, what alternative ways of being a mathematics
teacher or learner are imaginable beyond these scripts?
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Identity as a significant concept in mobilising
collective action in mathematics education and
beyond: A response to Lisa Darragh

Laura Black, University of Manchester, [=] laura.black@manchester.ac.uk

It is my pleasure to be invited to offer a response to Lisa Darragh’s plenary on ‘Innovative
learning environments and the digital era: Finding space for mathematics identity’. In doing so,
I'will argue that the concept of identity is not only useful in understanding students’ and teachers’
relationships with and participation in mathematics. Identities, like critical knowledge, are also
potentially powerful tools in mobilising collective action that can be transformative of practice.

The myth of free choice and individualism

At first glance, Lisa provides an account of mathematics teaching and learning in Aotearoa
that appears quite idyllic. This is especially so given my experience of an education system
that is heavily regulated by central government (e.g. through standardised testing, a national
curriculum etc.) and increasingly run in the interests of private businesses through the
joining of schools into academy trusts (run by private trustees from business/charities), a
predisposition towards consultocracy (Gunter, Hall, & Mills, 2015) and the outsourcing of
curricula, resources and professional development to commercial enterprises. Whilst Lisa’s
account resonates with some of this, she also describes a localised curriculum that is
devolved to the school level offering schools, teachers, parents (and students?) agency over
what is learnt with potential to serve the needs of the community. With colleagues at
Manchester, I have been involved in projects inspired by the Funds of Knowledge (FOK)
approach (Moll, Amanti, Neff, & Gonzalez, 1992) and it’s more recent adaptation Funds of
Identity (FOI) (Esteban-Guitart & Moll, 2014). Both of these approaches involve teachers
working with oppressed/minoritized groups to locate knowledge and identities in the home
and community as a resource for developing curriculum projects in schools. The aim is to
connect the school curriculum to the ‘everyday’ knowledge, practices and needs students
experience in their communities. So in one sense Lisa’s description of educational policy in
New Zealand seems to align with the fundamental principles of a FOK approach and its
overarching aim of developing curricula that challenge the privileging of elite forms of
knowledge (and identification) in the academic curriculum.

Yet Lisa critiques educational policies in New Zealand as maintaining the fiction of ‘free
choice’ in pursuit of a neo-liberal subject who is then held accountable for such choices.
Indeed parental choice has been long identified as an ‘essential circuit’ of neoliberal policy
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in education (Ball, 1994), which assumes notions of self definition, self actualisation and
thereby individual responsibility for the success and/or failure of the child. According to this
kind of critique, the fiction lies in the myth that choice proffers agency when in reality it is
restricted to the privileged few — e.g., in the mathematics classroom this may be those in the right
position to accept or reject what Lisa refers to as ‘identity scripts’ associated with success.

The concept of identity here is pertinent since, as Holland et al. (1998) note, any moment
of (or engagement in) social activity not only involves what one does ‘in practice’ but also a
self-authoring! of the subject in ways that are culturally or socially recognised for and by
others. Thus learners in the mathematics classroom are not only subjectively experiencing
mathematical practices they are also self-authoring as mathematics learners - or not - as the
case may be. Indeed, Lisa notes how this self-authoring is framed by power relations when
she states that “following the script is not always equally available for all people, and
divergences from the script may be differently recognised depending on the person also”
(Darragh, 2021, p. 23, in this volume). So how or why do policies that aim to give greater
voice to students/parents/teachers become, ‘in practice’, a learning environment that is
potentially stratifying and exclusive?

In the aforementioned work on FOK, we have offered a critique (using Bourdieu) of so
called ‘domesticated’ versions of the approach for their propensity to surface capital in
students’ homes in the interests of serving the needs of the school or the educational field
(Black et al., 2019; Williams, 2016). Clearly those who have access to such capital are more
able to offer the kinds of resources that the school might want or the kinds of identity scripts
that are ascribed value in the mathematics classroom. However, the fundamental concern
here must be with the structure of the educational field and the way its social, political and
economic function is refracted through pedagogic practices. Such a critique suggests a more
radical agenda is necessary whereby critical pedagogies are employed to challenge even
transform (rather than serve) education as a process of reproduction.

The commodification of learning

Lisa’s focus on the identity scripts produced through Innovative Learning Environments
(ILE) and commercial Online Mathematical Instruction Programmes (OMIPs) links acutely
to debates around privatisation in education and the economic commodification of learning
and teaching which I refer to above. Initiatives such as the introduction of Mastery
Mathematics in England, exemplify the complex fuzziness of the private/public distinction
in relation to forms of curricula/pedagogy innovation. Notions of pedagogy, curricula and
learners are constructed in the name of ‘public value’ whereby responsibility for reform is
shifted away from the institution (education system) but towards complex relationships
involving ‘local publics’? (Newman, 2013) and private actors. Such initiatives involve the

1 Note there are fundamental differences between self-authoring and neo-liberal concepts of self-
actualisation as outlined by Holland et al (1998).

2 Newman (2013) refers to new localism — where central functions of the state are devolved, fragmenting a
unitary public in the name of flexibility, responsiveness and goals.
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production/consumption of particular methods and resources which are in part public (i.e.,
openly stated as for the public good with public funds attached) but are also mobilized
through both public (e.g., national organisations like NCETM) and private interests (e.g., paid
consultants, academy trusts etc.). This complexity then produces particular relations of
power between various stakeholders, and between organisations which permeate at every
level. Quite literally this involves the commodification of students’ educational labour for
profit by private providers, which adds another layer to previous economic analyses of
education whereby student labour is commodified in the form of qualifications that have
value to be exchanged in the world of labour relations (Williams 2012).

However, Newman (2013) proposes a reconceptualization of ‘public value’ to incorporate
a concept of ‘public action’, which involve new forms of alliance between activists, academics
and policy actors. This arguably means such initiatives can potentially provide space for
diverse collective forms of social agency and empowerment - that can lend themselves to
more radical or progressive appropriations than we might otherwise see ventriloquated
through policy discourse®. For instance: (i) alliance between teachers, academics and
professional organisations which can produce collective agency for change (e.g., primary
assessment reform); (ii) alliance between teachers within/across schools enabling some
increase in professional autonomy locally; (iii) pedagogic practices which offer ‘voice’ to the
mathematical learner and diverse forms of learner identity. Arguably, these forms of alliance
engender ideas of voice and activism which are to be distinguished from the neo-liberal
notions of ‘free choice’ and ‘individualism’ which Lisa alludes to. Public action engenders
ideas of collective agency rather than the pursuit of private or individual gain.

Harnessing contradictions

Nevertheless, it is not my intention to dichotomise concepts here such as private/public,
individual/collective and capital gain/human need. In Black et al (2021) we discussed how
ideas associated with private capital gain (individual) and public good, collective agency and
human need can be understood as a dialectic relation of exchange value — use value, drawing
on Marx’s concept of the commodity relation. In line with others in CHAT (Blunden, 2009),
we argue for a unit of analysis which preserves the living dynamic unity of exchange value
- use value and which, recognises this relation as fundamentally one of contradictory
moments. Recognising and harnessing such contradictory moments can be developmental
which can bring about transformations in practice. In the description Lisa offers, I suggest
we might see such contradictory moments when the needs of a school community (run by
parents) come into conflict or tension with the overarching ‘need’ of the school system to
grow ‘cultural capital’ (exchange value) for those privileged enough to access it. For example,
Lisa points out how some OMIPs promote a hyper individualisation of the learner
(presumably to foster performances/actions/knowings that are transferable to standardised

3 Newman (2013) points out that marginalised or politically less powerful publics are more likely to be
mobilised through autonomous groups rather than via official consultation and participation in
established government.
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tests) that conflicts with the diverse needs and interests of a community of learners as a
group rather than as a sum of individuals. This raises a question: at what point might this
community collectively decide to challenge the system as it stands? In CHAT terms, this is
where the harnessing of contradictions can be productive through the creation of a shared
joint object that motivates a group towards collective action through the kinds of alliances
Newman refers to above.

And so to identity...

With the above in mind, I argue that the concept of identity is not only useful for exploring
students’ relationships and participation in mathematics education, identity or identities are
also potentially powerful in mobilising collective action. Think, for instance, of the identity
work taken on by oppressed groups that is central to so many struggles for change (e.g., we
recently analysed the case of the Mexican American Studies programme in Tucson, Arizona;
Black et al., 2021). But this requires a concept of identity that not only emphasises individual
repetitive acts that come to carry cultural significance (as identity scripts) - it also requires
some concept of motive (collective-individual) ‘to act’ and a sense of reflection on how our
subjective experiences make sense in terms of who we are and what we are becoming
(Holland et al., 1998). Change occurs not only through stylised individual performances
(improvisation) but also through collective action and I argue that is through latter that
imagined alternative identity scripts can be realised.
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Innovation in school mathematics? Historical
iterations and other enduring dangers: A response
to Lisa Darragh

Ayse Yolcu, Hacettepe University, [=] ayseyolcu@hacettepe.edu.tr

In this response, I interrogate the limits of innovation in school mathematics within a historical
context. I explore the continuities as well as shifts in the normalizing practices of school
mathematics. I argue that the notions of “free choice” and “surveillance” are not only specific to
neoliberal regimes but also are embedded in histories of modern schooling. The historical context
enables us to explore the dangers of innovative learning environments such as ordering the
differences on a hierarchy in addition to the production of particular identities.

Introduction

Seeking a change in teaching and learning practices has long been a concern for mathematics
education. Innovative pedagogical methods and curricular ideas are always presented to
ensure ‘better’ learning environments for all students. While these ‘innovative’ approaches
are considered to improve teaching and learning mathematics, they do more as argued in
Darragh’s paper: Identities for students and teachers are produced, regulated, and normalized
by the multiplicity of societal narratives such as neoliberalism, colonialism, racism, sexism
and so on.

Darragh’s paper revisits how the identities of mathematics learners and mathematics
teachers are being produced and regulated in “technology-rich, innovative learning spaces”.
These learning environments are located in Aotearoa New Zealand; but she also situates the
processes of identity formation of learners and teachers within neoliberal ideology, twenty-
first-century narratives, and the EdTech discourse of educational corporations. Rather than
positioning teachers or learners as fully agentic humans, her conceptualization of identity
enables an analysis of the multiplicity of discourses that regulate the identities and normalize
particular actions and participation in “ILE (innovative learning environment) spaces”.

My response draws on the historical background of normalization practices, including
“free choice” and “the use of surveillance” in learning spaces. Although Darragh notes that
these two normalization practices are the features of “new” classrooms or online learning
platforms in our digital era, I discuss how these practices historically have been part of the
modern world, particularly they are embedded within the practices of schooling and school
mathematics. In my response, first, I explicate the historical emergence of sciences of
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decision-making, which is beyond neoliberal ideology, that makes discourses of “free choice”
possible and reasonable. Here, I also bring historical shifts in the practices that organize and
regulate uncertain learning spaces that are presumed to be planned, stabilized, and secured.
Following these, I consider the dangers of the common way of thinking about change and
innovation, including the differentiating mechanisms in school mathematics.

Historical continuities of normalization in educational spaces and shifts in
the practices of educational decision making

Educational spaces are complex, dynamic, and uncertain. Social actors of (mathematics)
education experience several predicaments when they are asked to make choices among a
range of options. While one decides different choices, the notion of uncertainty embedded
in decision-making processes is not always subject to endless possibilities. Rather, decisions
are produced in systems that include scenario planning, risk profiling, algorithmic modelling,
and data analysis (Amoore, 2011). Are these emerging practices of data collection, analysis,
and representation new to social and educational spaces? How might we historically think
about these processes and their exacerbation with the increase of online education?

How to act and participate in the real world under uncertain conditions is not a new
problem. Hacking (1990), for example, explored how statistics and probability became
technologies to formulate complicated realities into stabilized entities to tame the chance in
the modern world. These technologies of data collection and analysis have been concerned
with “making up people” as administrable citizens of the state. With the avalanche of printed
numbers, future society became designable through counting people and their habits. The
enumerations resulted in populational categories that constitute human kinds (Hacking,
2007). The categories for humans such as effective housekeeper, intelligent adult, or
democratic citizen have been placed into enclosed and disciplinary spaces to order,
differentiate, classify and normalize proper and improper modes of actions and participations
in the world (see Foucault, 1995).

One of the most familiar examples from schooling has been the wide circulation of
intelligence tests in the late 19t century modern nation-states, a particular context that can
be remembered as a major breakthrough in education with the industrialization, public
education, and waves of migration. Schools were seen as an effective technology that
prepared children for industrial work and average adult life (Danziger, 1997). While later
these tests were to compare the ‘national’ IQ level of countries and classify the regions along
a continuum of values (Valero, 2017), the widespread adoption of standardized tests were
linked to eugenic projects that aimed to purify population as well as maintenance of a White
supremacist society (Davis & Martin, 2018). Back then, ability groups were considered as an
innovative strategy to plan effective learning environments. The societal hope of dividing
students was not only about economic development and progress but also was concerned
with race betterment and ensuring the well-being of population(s) (Yolcu & Popkewitz, 2019).
Commitment to the knowledge produced through multiple data points, including scores of
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standardized math tests and time on solving mathematics questions, instead of arbitrary
decisions, was a tactic to rationalize the tracking of students.

The contemporary calculations of the future and uncertainty have shifted. They are less
about spatial classifications but more related to the configurations of spaces of security and
control (Foucault, 2007). These spaces are not enclosed in the disciplinary sense: Rather than
spatial distribution of individuals in advance, there is a widespread installation of control
technologies across spaces and possibilities (Deleuze, 1992). The tools like robots,
smartphones, or networked machines enable perpetual training, frequent and faster
surveillance, and continual monitoring of communities to maintain the safety and stability
of the world. Within the data produced through these devices, practices of algorithms, data
analytics, or risk profiling become “the authoritative knowledge of choice” to anticipate the
future uncertainty (Amoore, 2011). Here, the notion of free choice would not simply be
constrained by data, but data analytics is part of what we call ‘free choice’ or ‘informed
decisions’ that we make under uncertain conditions. Despite the changes in the tools and
technologies, the uncertainty of educational spaces was resolved through apparently precise,
specific, and quantitative data networks in which reasonable and rational choices could be
made. The explosive interest in data based decision-making can be framed as a historical
reiteration of the hope for a safe and stable world (Heyck, 2015).

In contemporary educational research, while tracking and assessing students’ IQ levels
become unwanted, old-fashioned practices, we do still have standardized exams. However,
today, standardized assessment items emphasize 21%-century skills such as problem solving,
modelling, or systems thinking. That is, despite the changes, there is persistent trust in the
data produced through the standardized tests. Nevertheless, contemporary educational
choices could no longer rely only on the tests. There should be more to attend to the
contextuality and uncertainty of learning environments.

In addition to contemporary modified testing practices, students and teachers are asked
to produce their data in their contexts. For example, continual in-class tracking of children’s
mathematical learning trajectories is considered as active agents to close the “education gap”
between ambitious goals of reform and actual student mathematical thinking (Daro, et al.,
2011, p. 11). With the tools of the digital age, ongoing classroom assessment of mathematical
trajectory becomes possible (e.g., Confrey & Maloney, 2012). Installation of these tools into
the classrooms does not only provide rapid and frequent feedback for teachers who make
instructional decisions but also contributes to the ongoing surveillance of learning
environments.

The historical desire for stable and secure world orders the calculation of uncertain
educational spaces. As I have briefly discussed, and as Darragh argues in her paper, these
social processes have normalizing effects in educational settings. Nevertheless, the
normalization has long occupied the landscape of school mathematics despite the changes
in technologies and tools such as IQ tests, skill-based assessment items, or classroom
trajectories. So, it is possible to refer to the process of normalization as a historical spiral,
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moving from layer to layer, never stabilizing itself and the practices are always open to
modification and adjustment with the changing conditions.

Dangers of normalization practices: Differentiating axes of school
mathematics

Administration of the landscape of school mathematics with normalizing practices has been
a way to make the children as a particular kind people. Darragh discusses this process as
production of identities that are “scripted” by the contemporary neoliberal regime.
Particularly, she talks about the 21%-century mathematics learner (and the teacher) who
embodies capitalist behaviour in online platforms, takes responsibility for their own
learning, and performs identities as an entrepreneurial. With the discourses of “free choice”,
she takes our attention toward the generation of agentic performances that are controlled
through ongoing surveillance and data collection.

The network of school mathematics practices produces a normative and regulatory space
for 215t-century mathematics learners and it simultaneously generates axes of differentiation.
Children are no longer categorized as mathematically defective, disable, slow or remedial,
but they are profiled as “at-risk” not only through the generalizations of national or
international exam score but also through ongoing classroom assessment results. The
children who are outside of the normative accounts of educational spaces are categorized as
at risk, disadvantaged or underrepresented and become the objects of interventions, such as
teaching, research, or reform to conserve the historically planned order and stability of the
world.

While the normative accounts regulate and produce particular human kinds, they
simultaneously generate the “others”. The differentiated spaces for children are configured
as the laboratories of experimenting the innovative or new ideas of school mathematics. In
order to be prepared to the shifts in the educational spaces, novel psychological categories
are generated in addition to the desired identities. This includes, for example, the interest
and willingness of students to persist on mathematical tasks (Organization for Economic Co-
operation and Development [OECD], 2018). While willingness to do mathematics is
formulated as one of the desired distinctions of 21%-century mathematics learners in these
accounts, the differentiated spaces are simultaneously generated for others who are seen and
perceived as ‘unwilling’ to do mathematics.

At the end of the plenary paper, there is an important question that Darragh raises: “For
whom are these [identity] scripts more available?” Taking into account the differentiated
axes embedded in school mathematics, I want to take this question a step further. I wonder,
what specific technological devices are available for whom? Are there any additional and
modified pedagogical strategies for those who act outside of the boundaries of produced
identities? What differentiated categories are designed for those who push against the
boundaries of ‘innovative learning environments’?
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Conclusion

In mathematics education, everybody wants to make a change and innovation: Teachers,
researchers, students, parents, policymakers, and curriculum reformers to name a few. These
innovations are not only concerned with teaching and learning mathematics but also with
producing identities, normalize particular subjectivities and also generate spaces for others.
Exploring the history behind the reform and change offers ways to problematize what is
given as natural, sensible, and necessary part of mathematics education including those rules
and conventions that configure what we perceive as “change” within the boundaries of how
we conventionally reason about school mathematics.

If we think of the normalization processes in the innovative learning spaces as historical,
the identity “scripts” for 21-century mathematical learners are also embedded in the
numerical practices of testing, visualizing, or modelling the big data. As more teachers and
learners get enumerated, the complicated realities of learning spaces are formulated into
stabilized entities. Application and production of data are to render classrooms certain,
secure, and stable with rational decisions. The stabilizations do not only make up people but
also enable axes of differentiation. It is a simultaneous process of production of identities
and their differential constitution.

Despite the shifts in the tools and practices of normalization and differentiation, the
historical reiterations to secure the uncertainty in learning environments reveal that there is
something sticky in the ‘reason’ of school mathematics. How we think about change in
mathematics education is embedded in a style of reasoning that normalizes particular
subjectivities while differentiates the others. Despite the shifts in the tools and technologies,
mathematical learning environments have been occupied with the production of objects of
teaching, research, and policy. Then, the snapshots of learning environments, which were
narrated at the beginning of the plenary paper, are not a change in the premises that
constitute objects in educational spaces. Rather, it is a historical iteration of ‘reason’ of school
mathematics that makes, normalizes, and differentiates particular human kinds.

One might ask: Isn’t there a possibility to perform any agentic identities in this digital
era? Is there no space to be free in our choices? Is nothing changing at all? Are we going to
give up inventing digital technologies or searching for possibilities of change in
mathematics education? I would say no. “What is given up”, as Popkewitz (2008) writes, “is
the notion of planning people” that “stabilizes and fixes the boundaries of freedom” (p.

184). So, the change is never deadlocked. On the contrary, the spaces for performing
freedom and other potentialities could be found in the very act of exploring historical shifts
and iterations, where the resistance can become the continual interrogation of what is
think-able and say-able within the boundaries of current practices.
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Rethinking exemplification in mathematics
teacher education multilingual classrooms

Anthony A. Essien, University of the Witwatersrand, [=] anthony.essien@wits.ac.za

Examples that teachers choose and use are fundamental to what mathematics is taught and
learned, and what opportunities for learning are created in mathematics classrooms. In this
paper, I bring together three frameworks which have been used separately in mathematics
education research — variation theory, meaning making as a dialogic process framework, and
the notion of interacting/multifarious facets/dimensions within teacher education. The emergent
framework consists of a triadic approach to understanding exemplifying practices within teacher
education, and in particular, within multilingual teacher education classrooms. Lesson
transcript data from an introductory class in probability in one teacher education multilingual
classroom is used to illustrate how working with the amalgamated framework conduces to a
powerful way of examining the choice and use of examples in mathematics teacher education
multilingual classrooms, and how the three frameworks work together to attend to three critical
layers involved in the complexity of teaching and learning in mathematics teacher education
multilingual classrooms.

Introduction

As a teacher educator involved with both pre-service and in-service teacher education (TE),
I have often tried to model how to teach using different practices in my class. These practices
in themselves were never the object of attention in our discussions beyond their mere
definitions. I became more sensitised to the importance of engaging my students on what
makes for a good practice in multilingual classrooms in the course of my study (See Essien,
2014) using Wenger’s (1998) communities of practice theory to engage with teacher
preparedness for teaching mathematics in multilingual pre-service teacher education
classrooms. Subsequently, how teacher educators in multilingual classrooms choose and use
examples — that is, exemplifying as a practice — became an important focus of my research
and practice. The importance of mathematical examples — that is, of tasks which are used to
illustrate concepts in mathematics (Essien, 2021) — cannot be overemphasised. My focus on
exemplifying as a mathematics practice was motivated by the centrality of examples in the
teaching and learning of mathematics. Research has shown that the examples which teachers
choose and how these examples are used play an important role in what mathematics is
taught and how students learn and understand the mathematics that is taught in class
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(Arzarello, Ascari, & Sabena, 2011; Bills, Dreyfus, Mason, Tsamir, Watson, & Zaslavsky, 2006;
Goldenberg & Mason, 2008; Zaslavsky, 2010; Zodik & Zaslavsky, 2008).

In my attempt to better understand the choice and use of examples, the following
questions became important: what examples can teachers use in multilingual mathematics
classrooms to help mediate knowledge in mathematics? And fundamentally, how can pre-
service teachers be enculturated into how to choose and use examples that would help their
future (multilingual) students better understand mathematics? What affordances do the
selection and use of examples offer to pre-service teachers regarding the multiple dimensions
of TE in mathematics? And what should a “good” (use of) example be in multilingual pre-
service teacher education mathematics classrooms — given that these pre-service teachers
themselves are most likely to teach in multilingual classrooms at the end of their
qualifications? While it is not the intention of this paper to answer all the above questions,
these questions were, for me, the driving force behind my quest for an all-encompassing
framework which has the ability to not only provide a gaze into the types of examples that
are chosen and used within TE, but also a gaze into how the choice and use of examples in
teacher education can attend to the complexity involved in enculturating pre-service
multilingual teachers into the intricacies of teaching in multilingual mathematics school
classrooms. In doing this, the words of Lester (2010, p. 83) who argues that “rather than
adhering to one particular theoretical perspective, [that] we act as bricoleurs by adapting
ideas from a range of theoretical sources to suit our goals”, came to mind. In an earlier paper
for ZDM (Essien, 2021), I attempted to do this using a dyadic framework that accounted for
both the examples chosen and used and the interactional pattern during the enactment of
the examples. My contention is that using the dyadic framework did not account sufficiently
for how pre-service teachers (PSTs) were enculturated into the multifaceted dimensions
within teacher education.

In analysing the nature of examples used in mathematics classrooms, variation theory as
a theory of learning has become ubiquitous in research about how the structure of an
example space is not only an important mathematical process but also a critical didactical
goal (Arzarello et al., 2011). This paper is premised on the notion that variation theory, which
is commonplace in research involving the choice of examples in mathematics classrooms,
may be insufficient to provide adequate perspectives on the quality of instructional examples
(Zaslavsky, 2010) in teacher education classrooms of pre-service teachers who are themselves
multilingual and who will teach in multilingual classrooms at the end of their qualification.
Using a multifocal framework designed to unpack such complexities, I argue that in order to
take into account the full extent of the multifaceted nature of teacher preparation for
teaching in multilingual context, exemplifying as a mathematical practice in teacher
education needs necessarily to also account for 1) how language is used to enable what some
authors (e.g., Stein, Engle, Smith, & Hughes, 2008) have referred to as productive math-
ematical discussions in the class, and others (e.g., Engle & Conant, 2002) as productive
disciplinary engagement, and 2) how the different facets involved in pre-service teachers
education are (co-)constructed in multilingual context.
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I start the next section by a brief exposition of variation theory subsequently bring in two
‘bricoleurs’, — meaning making as a dialogic process framework and the notion of interacting/
multifarious facets or dimensions within TE. Then I present the amalgamated framework.
Although this paper is a conceptually rather than an empirically driven piece, using
transcribed data of an introductory probability lesson, I show the applicability of the
framework (so formed) and discuss the relevance of the framework both conceptually and
empirically and how the interactional process in the enactment of examples bring into focus
(or not) the multiple dimensions characteristic of teacher education in multilingual contexts.

Variation theory in mathematics teaching and learning

There have been several theoretical expositions on variation theory as a pedagogic theory in
mathematics classrooms (see Kullberg, Runesson, Kempe, & Marton, 2017; Marton & Booth,
1997; Pang & Marton, 2005; Watson & Mason, 2006). For this paper, suffice it to indicate that
variation theory holds that learning is a function of discernment, that is, of seeing or
experiencing critical aspects of what is to be learned (Marton & Booth, 1997). Three core
tenets of variation theory are important to my overall framework: Object of learning, Critical
features, and Patterns of variation. The object of learning is what is to be learnt (Pang &
Marton, 2005) - it is the focus of attention. In mathematics, this would be the mathematical
object of learning. Pang and Marton (2003, 2005) and Runesson (2005) make a distinction
between the intended, the enacted, and the lived objects of learning. The intended object of
learning is the capabilities the teacher wants the learners to develop and the enacted object
of learning is how these capabilities are realised in the classroom. As such, the enacted object
of learning “is co-constituted in the interaction between learners and the teacher or between
the learners themselves” (Runesson, 2005, p. 70). The lived object of learning is what is
actually learned, that is, how the object of learning is experienced by the students. This
brings to focus the important role the teacher plays in how his/her chosen examples are used
in relation to the context in which the teaching is imbedded so that the intended object of
learning aligns as much as possible to the lived object of learning.

Variation theory defines critical features are those aspects of a phenomenon that are
necessary for the learner to discern in order for the learner to develop a particular
understanding of the object of learning in focus. Variation theory holds that learners own
experience of certain patterns of variation and invariance of novel situations and
discernment or awareness thereof of the critical features of the object of learning is a sine
qua non condition of learning. This means that discernment is not possible without the
experience of difference between two of more different things/situations and without the
experience of difference, it would not be possible to discern similarities. The kinds of
awareness brought about by patterns of variation include contrast, separation, generalisation
and fusion. Regarding contrast, variation theory holds that learners are more readily able to
discern the critical features of an object if they are able to contrast it with other objects or
another object. Similarity is what is kept invariant (Watson & Mason, 2006) in the
mathematics structure within the sequence of mathematics examples. Drawing on Marton
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and Tsui (2004), Olteanu and Olteanu (2013) assert that separation “refers to the other
dimensions of variation that need to be kept invariant or varying at a different rate in order
to discern a dimension of variation that can take on different values” (p. 515). Variation
theorists argue that in order to fully understand a concept, it is necessary to also experience
varying features of the concept so as to separate the features that are not critical (that is, that
are not defining features of the concept). Fusion is when there is simultaneous variation of
several critical aspects of the object of learning in an example space (Lo & Chik, 2016;
Olteanu, 2018). The interrelationship between the different constructs of variation theory is
represented in Figure 1 below:

A\

Patterns of Variation

OBJECT OF LEARNING
| Critical features |<_> - Contrast/Separation/
Intended/enacted/lived Generalisation/Fusion

3

Figure 1: How the various concepts in variation theory interconnect

Perhaps, a good way to summarise variation theory is in the words of Lo and Chik (2016,
p- 296) who assert that “necessary conditions for learning include focusing on the object of
learning [hence the central position occupied by the object of learning in Figure 1],
identifying which of its aspects or features are critical, and exposing learners to appropriate
patterns of variation that help them discern these critical aspects or features”.

‘Bricolaging’ variation theory

What does it mean to use variation theory in multilingual classrooms? More specifically,
how can variation theory be used in multilingual teacher education classrooms so that it
accounts for the complexity involved in preparing teachers for teaching in multilingual
classrooms?

To better understand the choice and use of examples in teacher education, I draw on
Mortimer and Scott’s (2003) notion of meaning making as a dialogic process, and the notion
of interacting identities within teacher education (Essien, 2014) and bring these to bear on
variation theory. Lo (2012) argues that variation theory has two aspects: “the specific aspect,
which refers to the subject matter, knowledge or skill that we wish students to learn (short-
term goal), and the general aspect, which refers to the capabilities that can be developed
through the learning of the specific aspect (long-term goal)” (p. 25). The long-term edu-
cational goal of pre-service teachers needs necessarily to go beyond knowledge acquisition
and knowledge of subject matter. In any mathematics classroom, not only are examples used
in the teaching and learning process important, but also important is the discourse that is
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used to engage with the chosen examples and how language is used to negotiate meaning in
the interactional process leading to the construction of the mathematical knowledge and the
development of mathematical thought (Jung & Schiitte, 2018; Scott, Mortimer, & Aguiar,
2006). Through such interaction, the multiple dimensions within teacher education are
attended to (or not) as the class engages with the examples at hand. My use of the term
‘discourse’ resonates with Monaghan’s (2009, p. 15; drawing on Morgan, 2007) understanding
of discourse to mean the “patterned uses of language and other forms of communication
whose deployment identifies the user as belonging to a particular community at a particular
time in a particular setting”. In what follows, I engage with meaning making as a dialogic
process.

Meaning making as a dialogic process

Mortimer and Scott (2003) conceive of meaning making as fundamentally a dialogic process,
where different ideas are expressed and acknowledged by the teacher, and worked upon. The
framework focuses specifically on ways in which the teacher acts in order to guide meaning
making interactions within the classroom. The framework comprises of five different, but
interconnected aspects of interactions in the classroom 1) teaching purposes; 2) content; 3)
communicative approach; 4) patterns of discourse; and 5) teacher interventions. Mortimer
and Scott’s framework positions dialogue as connecting participants to meaningful, purpose-
ful and valuable processes of knowledge construction.

In the current framework, I have focused more on the aspects of the framework that deal
with classroom interaction, namely, the communicative approach and patterns of discourse
as it is my contention that variation theory, in its focus on the object of learning, already
engages with the mathematics content within the classroom. It is also my contention that in
the mathematics teacher education classroom, the framework on the multifarious
dimensions of teacher education (which I engage with in the subsequent section) is more
adequate for delineating the ‘teaching purposes’ aspect of Mortimer and Scott’s framework.

Communicative approach focuses on “how the teacher works with students to develop
ideas in the classroom” (Mortimer & Scott, 2003, p. 33). For Mortimer and Scott, talk can be
dialogic or authoritative, but it can also be interactive or non-interactive. A dialogic talk
allows for different points of view even if the talk is orchestrated by one person, while an
authoritative talk focuses on one point of view — usually that of the teacher. Talk can also be
interactive which means it is structured to allow for the participation of other people, or
non-interactive when it excludes the participation of other people. Mortimer and Scott
conceive of the meaning making process as two continuums in which in the first continuum,
at one extreme there is the dialogic communication approach and at the other extreme, there
is the authoritative communication approach (see Scott et al., 2006). In the second continuum,
there is interactive talk at one end and non-interactive talk at the other.
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Figure 2: The dialogic-authoritative dimensions of discourse on an interactive-non-interactive
continuum (adapted from Mortimer & Scott, 2003, p. 35).

The two dimensions of communicative approach (dialogic-authoritative and interactive—
non-interactive) can be categorised into four classes of communicative approach with which
discourse can be analysed (see Figure 2). The four classes are: 1) Interactive/dialogic where
the teacher seeks to elicit and explore different ideas about a particular issue or concept and
involves the students in the interactional process through, for example, questions which
probe students’ points of view; 2) Non-interactive/dialogic where the teacher is involved in
presenting a specific (mathematics) point of view in a presentational mode (non-interactive),
but at the same time, explicitly considering and drawing attention to different points of views
(dialogic); 3) Interactive/authoritative where the focus is on one specific point of view that
leads students through a question and answer routine with the aim of establishing and
consolidating that point of view; 4) Non-interactive/authoritative which involves the teacher
presenting a specific mathematics point of view or concept in a formal lecture mode (Scott
et al., 2006).

Each communicative approach is put into action through specific patterns of discourse
used by the teacher. Mortimer and Scott (2003) introduced the Initiation, Response, and
Prompt (I-R-P-) pattern of discourse (Aguiar, Mortimer, & Scott, 2010; Mortimer & Scott,
2003; Scott et al., 2006). They argue that this pattern of discourse can also occur either in
form of a closed chain or open chain in the interactional process. For closed chain, the pattern
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takes the I-R-P-R-P-R-...E form, where the prompt (P) by the teacher is followed by a further
response from the student (R), and so on until the chain is closed by an evaluation (E) by the
teacher. In the open chain, there is no final evaluation by the teachers, and so the
interactional process takes the I-R-P-R-P-R-P-R- form (Aguiar et al., 2010; Scott et al., 2006).
This pattern may be different if students (rather than teachers) are the initiators of the
question in the above chain. They pattern would then be in the form I-Rsi-Rs2-Res- (Where Sy
would be student 1, S, student 2, etc). Mortimer and Scott argue that this pattern of discourse
can be used to support dialogic interaction while most authoritative interactions are played
out through the I-R-E pattern.

Multifaceted dimensions of teacher education

For teachers of mathematics intending to use variation theory in their classrooms, variation
theory provides a way of structuring their lessons to maximise the chances of students’ lived
object of learning aligning as closely as possible to the teacher’s intended object of learning.
In teacher education multilingual classrooms, however, both the intended object of learning
and the lived object of learning are more complex because they both necessarily need to go
beyond the acquisition and/or the construction of disciplinary (content) knowledge. Hence,
it is not simply about choosing examples that will achieve the target objectives as this could
very easily place an emphasis solely on content. In pre-service teacher education
mathematics classrooms, in addition to being knowledgeable about the mathematics content
the Pre-service teachers (PSTs) will teach at the end of their qualification, PSTs need to
develop an awareness of the context in which they will teach and have knowledge about
instructional practices that are pertinent for this context. In this vein, research in multi-
lingual classrooms has argued for the need to attend to linguistic aspects of mathematics
teaching and learning and for attention to be paid to the language needs of multilingual
learners (Barwell, 2020; Erath, Prediger, Quasthoff, & Heller, 2018; Schleppegrell, 2007; Smit
& van Eerde, 2011). Moschkovich (2013) and Moschkovich and Zahner (2018) also argue that
in mathematics classrooms, attention needs to be paid to enculturating students into
participating in valued mathematical practices. In the specific context of teacher education
for teaching mathematics in multilingual contexts, it can be argued that the multifacetedness
of teacher education necessitates that PSTs need to at once be enculturated into becoming
teachers of mathematics, becoming teachers of mathematics in multilingual classrooms,
becoming learners of mathematics content, becoming learners of mathematical practices and
becoming proficient LoLT Users for the purpose of teaching/learning mathematics (Essien,
2014). My elaboration of these multiple dimensions involved in TE draws from both the field
of mathematics education (as indicated above) and from Wenger’s (1998) notion of identity
as a ‘constant becoming’, as trajectories which are not necessarily linear, and which has no
fixed destination.

Becoming teachers of mathematics is about teaching, and the teacher educator sees
herself/himself as developing this dimension within teacher education in the PSTs, while the
PSTs see themselves as imbibing this identity. By the same token, in becoming learners of
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mathematics content, the teacher educator sees herself/himself as responsible for the
development of disciplinary knowledge in the pre-service teachers, and the pre-service
teachers see themselves as learners of mathematics content. Becoming learners of mathe-
matical practices relates to becoming knowledgeable about mathematical processes such as
the processes of coming to define, exemplify, code switch, revoice, etc. If, for example, a
teacher educator teaches a particular content using her/his chosen examples, and the focus
is on the mathematics content, the teacher educator is enculturating the PSTs into becoming
learners of mathematics content. But if the focus is also on the logic behind the examples
that have been selected for use and what makes for a good set of examples in the topic at
hand, then the teacher educator is enculturating the PSTs into becoming learners of mathe-
matical practices/processes. In becoming teachers of mathematics in multilingual classrooms,
there is something specific about teaching in multilingual contexts, and as such, attention is
not only paid to the fact that the pre-service teachers would become teachers, but that they
would become teachers in multilingual contexts. Becoming proficient language users for the
purpose of teaching/learning mathematics describes a situation in which attention is paid to
how the mathematics language and the language of learning and teaching (LoLT) in which
it (mathematics language) is imbedded, are used in class.

A triadic framework for understanding examples in multilingual classrooms

How do these different frameworks come together to provide a gaze into examples and
example spaces used in teacher education multilingual classrooms?

I contend that while variation theory provides perspective into the choice of examples by
the teacher educator and the mathematics made possible to learn, Mortimer and Scott’s
(2003) framework illuminates how language is used to engage with these examples in
practice, and finally the framework on the multifarious dimensions within teacher education
provides perspective on how through the teacher educator’s use of language, these
dimensions are either attended to (or not) in teacher education multilingual classrooms. In
Figure 3 below, I present the resultant triadic framework.

At the centre of the merger framework is the mathematical object of learning. This is
because the object of learning is the focus of attention for the lesson. The teacher educator
needs to first determine what the object of learning is for a class, and what critical features
within an example set are best suited to achieve her/his object of learning. It is at this point
that the patterns of variation become key (hence the question: “what examples would best
bring out the critical features” is crucial). But also, it is essential for the teacher educator to
engage with the kinds of discourse (patterns of discourse), communicative approach
(collectively called interactional process), and teacher moves that are more adequate not only
in the teaching process, but also in the discernment of pre-service teachers’ understanding
of the object of learning. The question as to which combination of interactional process and
teacher moves will best enable pre-service teachers to develop a relevance structure on the
topic at hand so that learning is made more meaningful to them becomes important.
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Figure 3: A triadic framework for understanding examples in mathematics teacher education
multilingual classrooms

The bidirectional arrows between the 5 dimensions within TE and the core concepts of
variation theory, and those from Mortimer and Scott framework are an indication that
through the interactional process in engaging with the examples, multiple facets in TE are
attended to (or not). But also, the awareness of the context of teaching and learning and the
context the PSTs will teach at the end of their qualifications need to also inform the
interactional process in class.

These three frameworks have been used separately by researchers to analyse data. I bring
all three frameworks together and show an example (using empirical data) of how it can be
used holistically to gain insight into not only the exemplifying practices within teacher
education, but into how through the interactional process associated with the examples used
in the classroom, opportunities for the enculturation of PSTs into the different facets within
TE can be teased out. Zaslavsky (2010) argues that some examples have more explanatory
power than others depending on the context and the classroom activities surrounding these
examples. In this sense, the amalgamated framework provides tools for analysis of the
instructional examples in classrooms which are both pre-service and multilingual in nature.
It must be noted that in this framework, the examples that are chosen and used, the pattern
of discourse that is enacted need not necessarily be fixed before the lesson.
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Using the triadic framework to understand examples in mathematics
teacher education multilingual classrooms

In the transcripts that follow, I bring the triadic framework (henceforth ‘the framework’) to
bear on the example space used by a teacher educator in an introductory class on probability
in order to show the value of the framework in analysing classroom data in multilingual
teacher education classrooms. I engage with the classroom interactional process that
occurred during the enactment of these examples and also engage with what facets of teacher
education were attended to in the course of the enactment. For brief background, the teacher
educator is a monolingual first language English speaker and does not share a common first
language with most of her PSTs, most of whom are multilingual. It is important to note that
as a product of the old South African high school curriculum, the PSTs in this class were
encountering the topic probability for the first time, having not done it previously at high
school. In the introductory class, focused on teaching the meaning of probability and its
scale, the teacher educator provided the class with these four examples:

Example 1: Chances of the teacher educator coming to class in the subsequent lesson

Example 2: Tossing a coin. The game of football is used in which the referee tosses a coin after
two captains have chosen their side of the coin

Example 3: Throwing a dice: Throwing a dice and finding:

3.1 P(4)

3.2 P(Even number)

3.3 P(number less than 5)

Example 4: Pack of cards and finding:
4.1 P(Jack)

4.2 P(10 Diamond)

4.3 P(Odd number)

4.4 P(Heart)

4.5 P(Black/Suit)

After this, in the next lesson, the teacher educator performed an experiment involving
the law of large numbers and subsequently explained theoretical probability. Due to space
limitations, in this paper, using classroom observation transcripts, I focus on the four
examples above used in the introductory lesson. Using the merger framework, I start by
analysing the example set based on variation theory as it concerns the object of learning,
patterns of variation and critical features before engaging with the teacher moves and the
interactional process in the enactment phase of the examples.

While this lesson was not theory-driven based on variation theory, a number of obser-
vations can be made on the teacher educator’s choice of examples using variation theory as
a lens, and in terms of what the examples make possible to learn. First, in considering the set
of examples used in this introductory lesson on probability, it can be deduced that even
though the initial object of learning was the definition and the meaning of probability at the
start of the class, this object of learning shifted to the relevance of probability in everyday
context. In terms of variance and invariance, all four examples are similar in the sense that
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they relate to (and were taught in such a way that they related to) the PSTs’ real-life context.
Examples 1 and 2 are also invariant in as much as there are two possible outcomes. What is
possible to discern in Examples 1 and 2 is that even though both have two possible outcomes
(in terms of probability), the desired outcome can be an “either/or” situation. In Example 1,
the teacher educator will either be in class or not be in class, and in Example 2, one captain
either wins or loses. But beyond this, the two examples also allow the PSTs to discern the
difference between the two scenarios in both examples in that while the probability of
coming to class for the teacher educator is either 0 or 1 (for theoretical probability) or
dependent on the relative frequency in terms of the number of times the teacher educator
has been present/absent from class (relative probability), the probability of either winning
the toss or not in Example 2 is 3. The two examples make it possible for the PSTs to be able
to discern and generalise that situations of “either/or” are not necessarily 0 or 1 in probability.
The question that can be asked here is to what extent the teacher moves and interactional
process enabled the PSTs to discern the above from the examples.

What contrasts Example 3 from the first two examples is the fact that there are six
possible outcomes in Example 3. In Example 4, the structure of the question is invariant with
Example 3 but can also be differentiated by the fact that Example 4 has 52 possible outcomes.
Overall, four aspects or dimensions of variation are present across Examples 1 to 4.

Aspects Examples of Critical Features

Events Tossing a die, tossing a coin, or Obtaining a particular
suit from a pack of cards

Sample Space Coin: 2; Dice: 6; Cards: 52

Sample points P(H), P(4) or P(10 diamonds)

Conditions P(less than four) or P(Black or Suit)

Table 1: Critical features evident in the teacher educator’s example set

These are events and their corresponding sample space and/or sample points and the
stated conditions around the desired outcomes. The critical features or the values related to
these aspects (see Table 1) are different and vary according to the nature of the presented
event. So the example space can be described as simultaneously varying and thus Fusion.

So far, my analysis has focused on using variation theory to analyse the examples chosen
for the introductory class on probability. In what follows, using transcripts of the
interactional process in the class, I show a snippet of how the teacher educator enacted
Examples 2 (see Essien, 2021, for analysis of Example 3).

Transcript 1: Tossing the coin

1 TE: So for example [writes: e.g.] ...has anyone got a coin here please? | didn’t
bring one in. [gets a coin]. Right. We are now about to kick off with the
Confederation Cup. I’'m the captain of South Africa Bafana Bafana and
you [points to a student] are the captain of Iraq [everyone laughs]. And
the referee comes along. Now before that you know that the coin is
tossed. What do you call it in your language? How do you call that?
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(Students shout out answers)

Anyway, so he [Referee] comes along [hands the coin to a student] You
are the referee. Now before he does the activity, the referee is going to
toss the coin. This is the event. Now whoever gets like a head or a tail,
whoever gets it, what happens then?

Reward

Ja, but what is the reward for getting the... you know, if | call ‘heads’
and she tosses heads

Then you get to kick off

Then | get the kick-off, don’t 17 OK.

Choose sides.

Now, oh hang on, before you toss the coin, listen to me, what are the
chances that heads are going to come up?

[in chorus] Half-half

Half-half

2to 1

2 to 1. What else?

[softly] Unlikely

Even odds

How do we speak?

Equally likely

Equally likely chances that heads will come up. OK, do you see how I'm
using the language with the number, with this? What’s the number?
You said it just now? Choose one of the numbers. [...]

So basically you can read this in mathematics just like this and
immediately, instead of saying, ‘Well it’s half-half’ or ‘it’s equally likely’
what you can do is give me a number that goes with this event. What
are the chances of getting heads? So please put equals [next to P (heads)
writes =]. And after that you said ... [after = writes ;] ...It’s 1 out of 2
chances. Now I’d like you please to put the 2 in another colour. In fact
let’s just put the 1in another colour

[goes over and writes the 1 (numerator) in pink and the 2 (denominator)
in yellow)

I’'m doing this for a reason.

If you create a fraction like this, people, the numerator... here [writes
N]J, the numerator tells me something and the denominator tells me
something. [writes D = with a line pointing to the 2]. Now think of the
coin, think of the %, the 1 and the 2 and tell me what they tell me.

[TE cleans the scale off the board]

You see a half in fraction work we teach the little ones it’s 1 out of 2
equal pieces, isn’t it? So if | cut an apple into 2, half-half, that’s it. In
Probability, this fraction is telling me more in English because it’s
linked to an activity, OK. So what’s it telling you? Right, what’s the
numerator telling me?
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23 PST: I think the numerator is telling you that out of the 2 chances available
of(?) which(?) the denominator, there’s a probability of you getting only
one. So of which it can be either the head or the tail.

24 TE: OK, so the numerator, do you see that the numerator is linked to what
I want?

[points to N and then to heads]. That’s very very important you
understand that. [...]

In Transcript 1, the teacher educator taught the concept of tossing a coin (the object of
learning) as something that is connected to the PSTs’ everyday life by first using a physical
coin but also by using soccer as an example. Using the triadic framework, it is possible to see
how the pattern of discourse and the communicative approach enabled the teacher educator
to bring into focus (or not) the different facets of teacher education. Interactive/authoritative
approach is clearly the predominant communicative approach in the transcript. As indicated
previously, using the interactive/authoritative communicative approach entails that even
though the teacher educator welcomes PSTs’ viewpoints, the interactional process is directed
to one viewpoint - in this case, the viewpoint of the teacher educator. In Turn 9 where the
teacher educator asks the PSTs what the chances are of obtaining a Head even before
commencing with the experiment of tossing a coin, the teacher educator uses and I-R-P-R-
P-R-P-E pattern of interaction to allow for different views to be offered (Turns 12, 14 and 15)
on the probability of tossing a coin. The different viewpoints however converge to the
teacher educator’s viewpoint (hence interactive/authoritative as opposed to interactive/
dialogic). It is important to note that through this interactional process, the teacher educator
attempts to incorporate cognitive academic language opportunities after noting the PSTs’
one- to two-word responses. She therefore asked in Turn 16, how do we speak?, and provides
the answer in Turns 18 and 19 drawing the PSTs’ attention to the correct way of expressing
the probability of obtaining a Head when a coin is tossed. By so doing, attention is paid to
the development of the PSTs into becoming proficient users of the LoLT.

A parallel is seen later in the transcript where the teacher educator instructor draws on
language to explain the meaning of the answer (1/2) obtained in the probability question.
Here, we see a focus on meaning rather than on procedures (for arriving at the correct
answer) where the interactional process around the solution to the example attempts to give
meaning to the mathematics symbol. Attention is paid to how the mathematical
representation and the register around the mathematics symbol (1/2 in this case) are related.
Such approach of interweaving content and language is well documented in recent literature
(example, Wessel, 2019; Erath et al., 2018). But what the teacher educator does in addition to
weaving the content and the mathematical language associated with the content is to draw
on both content and the interactional context of the content to, in Turn 22, allude to how
fraction is taught in earlier grades thus paying attention to the fact that the PSTs are
becoming teachers of mathematics.
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Discussions in relation to the triadic framework

Going back to the example space provided by the teacher educator, it is my contention that
what the teacher educator could do further in enacting the examples is to focus on
explanations that allow for the PSTs to see structure in the example space that makes
generality possible. While this generality is evident using variation theory as a lens, in
reality, it is mainly through the interactional processes and the teacher moves that this
generality can become evident to PSTs. If the teacher educator had drawn attention to the
pattern of variation and invariance in the questions she posed, she would have provided
opportunity for the development of PSTs as learners of the mathematical practice of
exemplifying. This is because in so doing, she would have drawn attention to exemplifying
as a mathematical process.

While the framework allows for teasing out which dimensions of teacher preparation for
teaching mathematics in multilingual context come into focus, at the same time, it also
provides perspectives on which dimensions are backgrounded. In Transcript 1, through the
interactional process around the examples at hand, it is easy to see attention paid to (and the
PSTs enculturated into) 1) becoming learners of mathematics content, 2) becoming teachers
of mathematics, and 3) becoming proficient users of the language of learning and teaching.
Using the framework as a lens, it also becomes evident that in the enactment of the
mathematical object of learning, becoming teachers of mathematics in multilingual context,
and becoming learners of mathematical practices are not attended to in the presented
transcript. A missed opportunity for the development of becoming teachers of mathematics
in multilingual context is seen in Turn 1 of the transcript where the teacher educator asks
the PSTs what they call “tossing a coin” in their home language. It is a missed opportunity
because this question could have been used by the teacher educator to enculturate the PSTs
into becoming teachers of mathematics in multilingual classrooms. The different ways of
naming ‘tossing a coin’ in the different languages present in the class and their meanings in
English could have been interrogated in class. This would have, no doubt, enriched their
discussion around the meaning of tossing a coin in mathematics.

Variation theory provides conceptual learning opportunities but such opportunities in
multilingual teacher education classrooms should go hand-in-hand with language learning
opportunities deliberately tied into the interactional process that occur in class. The
distinction between the two roles of language as a learning medium and language as a
learning goal (Lampert & Cobb, 2003; Erath et al., 2018) comes to mind. Language learning
opportunities are evident when using the amalgamated framework as opposed to using only
variation theory either to teach or to analyse teaching.

Finally, the question could be asked as to how the class dynamics would have been
affected if, for example, a different type of communication approach or a different type of
pattern of discourse was used in enacting the examples. An I-Rsi-Rsy-Rs3- pattern of
discourse where PSTs are given the opportunity to engage or critique one another’s solution
to the problem would have enculturated the PSTs into practices that deal with judgments
about what are mathematically legitimate claims, and practices such as providing
justification, proving, critiquing conjectures, critiquing solutions, etc.
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Concluding remarks

The triadic framework provides a multifocal conceptual lens for the exploration of three
critical layers involved in the complexity of teaching and learning in mathematics teacher
education multilingual classrooms. First, the mathematical object of learning needs to be
central to the teaching and learning process. Regarding the object of learning, the choice of
examples (using variance and invariance) needs to be such that it attends to the intended
object of learning. Second, attention needs to be paid to the interactional process that takes
place in the course of the enactment of the object of learning. Finally, in the context of teacher
education, the framework provides for attention to be given to how the different dimensions
involved in teacher preparation are (co-) constructed (or not).

The analysis in this paper has basically shown an inside-out approach (see Figure 3) in
teacher preparation for teaching mathematics in multilingual classrooms where the starting
point is the object of learning, culminating in the multiple facets of teacher education. My
contention is that the choice of examples, and the accompanying interactional process need
not necessarily gear towards developing the multifaceted dimensions involved in teacher
education. The framework also provides for an outside-in approach where the teacher
educator decides in advance what facets of teacher education to attend to at a particular
point and then decides on which interactional process to use to give focus to these facets.
This will in turn inform the type of examples that the teacher educator would choose to bring
the object of learning into focus. In such a case, the framework suggested in this paper could
be extended to professional development programmes involving multilingual mathematics
teachers.
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Variation and dialogic communication in maths
teacher education in a multilingual context: A
response to Anthony Essien

Anjali Noronha, Independent Scholar, [=] noronha.anjali@gmail.com

Anthony Essien, in his plenary session, presented a triadic Framework to analyse the choice of
“exemplification” in teachers education mathematics classrooms in a multilingual context, with
a focus on the role of the teacher educator, who is seldom the object of research in education. In
my response, I will be reviewing his paper on two counts. A. I will be reflecting on the presen-
tation of the triadic framework developed and B. reviewing how the selection of examples and
the classroom interaction can be further extended to bring a greater multilingual and multi-
cultural input into maths teacher education, with a greater focus on dialogue. I will end with a
few suggestions as to how the framework may be extended and enriched to incorporate
multilinguality in a stronger way.

The triadic framework for analysing choice of examples

As the elements of choice of examples in a multilingual mathematics classroom are complex,
choice is determined by complex interrelated factors. A framework putting together these
elements that can act as criteria of choice, is, indeed, important. It is, heartening that
Anthony has taken upon himself this challenging task.

Another important aspect is that the site for the framework is teacher education
classrooms and not school classrooms. This is a crucial element that is often neglected. Even
though we’re talking of Student Teachers here, the assumption that the student teacher has
understood school mathematics concepts does not hold for developing countries like South
Africa and India.

It is in the context of recognising its importance and its strengths that I now critique it.
Maths is a subject that takes one through to an abstract realm. However, the human mind
learns through concrete examples, from experience and reflections. Hence, exemplification
is a necessary part of learning. It is interesting that Anthony tries to see “exemplification”
through trying to make a triad of three different yet inter - related frameworks. This is an
important exercise. He has chosen to do it theoretically rather than empirically. In the
attempt to develop this framework theoretically, the elements of the framework have not
been explicated enough and have become somewhat opaque. A little more elaboration with
examples would have been more helpful.

Please cite as: Noronha, A. (2021). Variation and dialogic communication in maths teacher education
in a multilingual context: A response to Anthony Essien. In D. Kollosche (Ed.), Exploring new ways to
connect: Proceedings of the Eleventh International Mathematics Education and Society Conference (Vol. 1,
pp. 56-59). Tredition. https://doi.org/10.5281/zenodo.5469451
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Variation and dialogic communication in maths teacher education in a multilingual context

The triadic framework developed by merging variation theory, the dialogic interactive
communicative process and the multifaceted aspects of multilingual contexts has captured a
lot of important aspects and placed them in relation to each other. However, it seems to put
multilingual aspects and contexts as an add on at the end, whereas this needs to be an integral
and overarching part of the framework — like a canvas in a painting. Because language and
multilinguality is what is the lifeblood of the children learning the mathematics.

The paper does not deal with the language aspects and its relation to mathematization at
all. This is an important weakness. Different languages not only have different words, but
different idioms and cultural contexts that need to be taken into account. A more centre-
stage position to multilingualism would have brought out the immense potential of
intertwining it with variation theory. This would map the examples from different languages
and cultures onto the critical features of a mathematical concept and procedure.

Variation and dialogue: Two important elements for maths education in a
multilingual context

The element of variation, in mathematics classrooms has two aspects to it — a) content
variation and b) procedural variation. The latter is equally, if not more important in mathe-
matization of concepts, but has not been dealt with at all. Procedural variation gives a lot of
scope for multilingual and multi-cultural ways of solving problems, particularly oral ways -
classical examples are using grouped addition from hundreds to units for multiplication —
rather than the written algorithm of multiplying from the unit side and carrying over — this
is procedural variation and is present in almost all algorithms. If connected with multilingual
cultures, it would give a lot of mathematical power to deprived communities, whose proce-
dural variations are excluded from mainstream mathematics.

Equally important are the communication and dialogue aspects, which have not been
elaborated - the collective, reciprocal, supportive, cumulative and purposeful aspects of
dialogue. It is not only language that is different in a multilingual context, but the cultural
differences reflected by the language are much deeper and wider.

Those tribes and community groups that have developed with livelihoods which interact
with numbers in certain ways, often give rise to quinary, quinary-decimal and vigesimal
number systems in traditional societies. Even though other aspects of tribal living may
decline — sometimes, when the livelihood remains the same, such number systems, ways of
calculations, words, phrases, riddles continue. They make for a stronger procedure in the
heads of such communities than the formal metric system introduced through school.
Incorporating these in the examples and dialogues in the classroom has a number of
advantages.

1. Most such groups are deprived communities and their language and ways of thinking
have been excluded from the mainstream classroom. This invisibilises them, under-
mines their identity and demotivates them from continuing their studies. Including
conceptual and procedural variation on mathemetisation from their lives, will enhance
their visibility and motivate them to learn mathematics better and own that learning.
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2. A diversity of variations will also help other students in class become familiar with
a greater diversity of possibilities, other cultures and other words and meanings. This
will develop cognitive robustness as well as empathy in all students.

Using the triadic framework to understand examples in multilingual
mathematics classrooms

The concept chosen is an introduction to probability. While it is mentioned that the language
background of the teacher educator and the student teachers is different, it is not clear which
languages, tribes and cultures the student teachers hail from.

The choice of the four examples is mentioned, but not the bases of their choice. It is not
clear whether they have been contributed by the student teachers, or the teacher educator
decided on them by himself. Enough background is not available to say how they were
chosen and any links to the cultures and languages of the student teachers are not mentioned.
Football, dice games and cards all seem western contexts.

The aspect of probability being dependent on ambient conditions on a large scale is not
mentioned nor incorporated in the activity or dialogue, or how this probability can be played
around with — weighting the dice or coin. Just discussing one example does not bring out the
conceptual and contextual features.

The teacher educator in the transcript excerpt also doesn’t give ample space to discussing
the student teachers’ own conceptual, cultural ideas on probability and reveal their own
language of probability. I don’t know enough about South Africa, but in India the idea of
probabilit